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Abstract

The spiked mixture model (SMM) has been introduced as a probabilistic model that generalizes the single-spike (Wishart)
model to a mixture model form. With applications ranging from imaging mass spectrometry in the life sciences to hyperspectral
imaging in computer vision, it is crucial to understand under which circumstances its signals can be recovered from noisy
measurements. The highly multiplexed nature of these measurement types furthermore necessitates such analysis to hold in high-
dimensional settings. In this paper, we prove that the extreme eigenvalues of the covariance matrix from the SMM exhibit a
phase transition in high-dimensional regimes. We show that this phase transition, and thus signal recovery by extreme eigenvalues,
depends on several interacting factors: the correlation between spikes (i.e., how similar in content underlying signals are), the
energy parameters (i.e., the absolute strength of each underlying signal), and the mixture probabilities (i.e., how likely it is to
encounter each underlying signal). This work provides sharp information-theoretic bounds on the parameters needed to detect
one or more spikes from extreme eigenvalues of the SMM covariance matrix, and these guarantees could potentially impact any
application of the SMM. Understanding this interplay could serve as a tool for driving experimental design in analytical chemistry
and life sciences.

Index Terms

Random matrix theory, spiked covariance model, spiked mixture model, phase transition, Marchenko–Pastur law, BBP tran-
sition, high-dimensional statistics, spectral estimation, signal detection.

I. INTRODUCTION

Many high-dimensional systems and measurement types in, e.g., neural networks [1], wireless communications systems [2],
functional genomics [3], biomedical imaging [4], and finance [5] can be modeled as large random matrices whose spectral
properties (eigenvalues and eigenvectors) encode essential information. As a result, tools from random matrix theory (RMT)
are increasingly used to analyze such systems and data. For example, recent work used these tools to analyze weight matrices
or Jacobians in deep neural networks in order to understand generalization and structure [6].

As technological advances deliver increasingly high-dimensional measurement types, e.g., in fields such as spatial transcrip-
tomics and imaging mass spectrometry (IMS) [7], the need to exploit RMT in a high-dimensional regime becomes essential.
Therefore, in this work we focus specifically on random matrices whose dimensions grow without bound. A foundational
result in this area is that for many classical ensembles (such as Wigner matrices), the empirical distribution of eigenvalues
converges (in the weak sense) to a deterministic limit called the semicircle law [8]. Moreover, for sample covariance matrices,
one similarly obtains in the limit the Marčhenko–Pastur (MP) law [9].

One particularly interesting phenomenon arises when a signal (i.e., a finite low-rank deterministic component) is embedded
in noise (i.e., a noisy high-dimensional matrix). This scenario is relevant to questions of signal detectability, for example in
the context of machine learning [10], and is known as the single-spike model. Above certain thresholds, the signal or ‘spike’
can be detected despite its noisy environment, through eigenvalues that escape from the bulk spectrum. This phenomenon is
known as the Baik-Ben Arous-Péché (BBP) phase transition [11]. Subsequent work has further extended this idea to finitely
many spikes [12], community detection models [13], and beyond [14, 15].

The spiked mixture model (SMM) [16] is a statistical model that generalizes the spiked Wishart model to a mixture model
form. Equivalently, the covariance matrix from the SMM model can be viewed as a sum of covariance matrices from single-
spiked Wishart models of random size. In this paper, we investigate the limiting spectral distribution of SMM covariance
matrices. Our analysis highlights how the correlation between spikes (i.e., how similar the underlying signals are), the energy
parameters (i.e., the absolute strength of each underlying signal), and the mixture probabilities (i.e., how likely it is to encounter
each underlying signal) govern the emergence of eigenvalues detaching from the bulk, a phenomenon often referred to as
“eigenvalue push-out”. Such a result provides sharp information-theoretic bounds on the parameters needed to detect one or
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more spikes from the extreme eigenvalues of the covariance matrix. These guarantees potentially impact any application where
the SMM can be used, including ones in IMS and hyperspectral imaging (HSI) [16].

Section II introduces the SMM and puts forward the SMM phase transition theorem. Furthermore, it includes practical
demonstrations of the theorem, illustrating under which circumstances signals embedded in the noise are detectable from
extreme eigenvalues. In section III, we provide a proof for the SMM phase transition theorem, with supporting argumentation
provided in supplementary sections A and B.

A. Related Works

Asymptotic spectra of sample covariance matrices have been studied extensively. In the linear setting y = Σ1/2z with z
having independent and identically distributed (i.i.d.) features, and Σ the associated covariance matrix, the limiting spectrum
follows a (generalized) Marčhenko–Pastur law, and a Baik-Ben Arous-Péché phase transition governs the outliers: an isolated
eigenvalue detaches from the bulk precisely when a population spike exceeds a critical threshold [11, 17, 18]. In [19], this
picture was recently extended beyond settings where the dependence between features is encoded linearly through a covariance
matrix Σ. An arbitrary, possibly nonlinear dependence between features is allowed, requiring only that the quadratic forms
yTAy concentrate around their expectation uniformly over square matrices A.

In this work, we derive the phase transition specific to the SMM using a low-rank perturbation approach akin to Benaych-
Georges and Nadakuditi [20]. Conditional on the selected subpopulation spike within the mixture model, the SMM’s covariance
matrix is a finite-rank perturbation of a white Wishart matrix. Together with the bi-orthogonal invariance of Gaussian noise,
this facilitates that K spikes are captured jointly by a single small matrix whose singularity locates all outliers at once, and
which we reduce to the K ×K matrix L. This yields a couple of benefits over the deterministic-equivalent analysis of [19].
First, the argument is lighter: rotational invariance reduces the problem to the T -transform of the limiting MP bulk, which
is explicit in our isotropic-noise setting and which we obtain by Gaussian concentration. This avoids the resolvent local laws
and fluctuation-averaging machinery required by the coordinate-general analysis in [19]. Second, treating the full rank-K
perturbation jointly lets us go beyond the distinct-spike regime of [19], whose results assume simple population spikes. Our
approach covers repeated values of λi(L) by a perturbation argument and recovers each outlier at its correct multiplicity. The
ability to handle repeating eigenvalues is important since such degeneracies are intrinsic to mixture models, where symmetric
configurations of the subpopulations (e.g., balanced, equally spaced spikes) commonly produce repeated eigenvalues. Finally,
our approach generalizes to regimes that do not satisfy the quadratic concentration assumption of [19]. As a demonstration, in
appendix C, we show how our approach extends beyond scenarios with fixed signal strength spikes and can, in fact, handle
a rare and intense regime in which the spike’s signal strength diverges while the corresponding subpopulation probability
vanishes, i.e., spikes of unbounded energy in a vanishing fraction of observations.

B. Notation

• For k ∈ {1, . . . , n}, ek ∈ Rn denotes the kth standard basis vector.
• For S ∈ Md(C) a self adjoint matrix, we denote its d eigenvalues by

λ1(S) ≥ λ2(S) ≥ · · · ≥ λd(S).

• When d → ∞ and i ≥ 1 is fixed, the extreme eigenvalues of a sequence Sd ∈ Md(C) refer to λi(Sd) (largest eigenvalues)
or λd−i+1(Sd) (smallest eigenvalues).

• For a vector v, ∥v∥2 and ∥v∥∞ denote the Euclidean norm and the ℓ∞ norm, respectively.
• For a matrix A, ∥A∥op and ∥A∥F denote the operator (spectral) norm and the Frobenius norm, respectively.
• For u ∈ C, E is a closed subset of R, we denote the distance d(u,E) = minx∈E |u− x|.

II. THE SPIKED MIXTURE MODEL (SMM) AND ITS PHASE TRANSITION

The SMM, introduced in [16], is a generalization of the single-spike model to a mixture model form. We consider n
independent observations y1, . . . ,yn ∈ Rd, each sampled from the SMM:

y =


α
√
β1v1 + ε with probability π1

...
α
√
βKvK + ε with probability πK

, (1)

α ∼ N (0, 1), ε ∼ N (0, I),

K∑
k=1

πk = 1,

β1, . . . , βK ∈ R+, v1, . . . ,vK ∈ Rd, ∥vk∥2 = 1,

where α is the random scaling factor of observation y,
√
βkvk is the k-th subpopulation or spike with vk as the normalized

spike signal and
√
βk reporting the strength of the signal, ε is the random noise of observation y, and πk is the probability of
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the k-th subpopulation. Let z ∈ {1, . . . ,K} be a latent categorical variable indicating which of the spikes
√
β1v1, . . . ,

√
βKvK

was used to generate y.
We will analyze the regime in which d → ∞, n → ∞, d/n → γ, and K remains fixed, hereafter referred to as the

high-dimensional regime. In the following, we consider {βk}Kk=1 to be fixed, and further extend to diverging scenarios in
appendix C. This paper adopts the Bayesian viewpoint in which the spikes are drawn from an arbitrary prior, but they are
required to almost surely tend to a fixed correlation in the limit d → ∞:

vl · vk
a.s.−−−→

d→∞
θl,k ∈ [0, 1], ∀l, k ∈ [K]. (2)

A simple example of a distribution satisfying (2) in the case of K = 2 is to sample v1,v2 as follows:
v1 = u1/∥u1∥2

v2 =
θu1 +

√
1− θ2 u2

∥θu1 +
√
1− θ2 u2∥2

, (3)

for u1,u2 ∼ N (0, I) and θ ∈ [0, 1]. The correlation then corresponds to

v1 · v2 =
θ∥u1∥22 +

√
1− θ2 u1 · u2

∥u1∥2 ∥θu1 +
√
1− θ2u2∥2

,

and, by using Gaussian concentration of measure, one gets v1 ·v2
a.s.−−−→

d→∞
θ. Furthermore, we consider the covariance matrices

coming from SMM model (1):

Sd,n =
1

n

n∑
i=1

yiy
T
i ∈ Rd×d, (4)

along with their ordered eigenvalues

λ1(Sd,n) ≥ . . . ≥ λd(Sd,n) ≥ 0.

After introducing the SMM model and establishing the high-dimensional regime setting, we posit a corresponding phase
transition theorem.

Theorem II.1 (SMM phase transition). The extreme eigenvalues of Sd,n (4) exhibit the following behavior as n → ∞ and
d → ∞ with d/n → γ. Consider L ∈ RK×K the Gram limiting matrix with entries Ll,m = θl,m

√
πlπmβlβm.

• For 1 ≤ i ≤ K,

λi(Sd,n)
a.s.−−→

{
T−1(1/λi(L)) if λi(L) >

√
γ

(1 +
√
γ)2 otherwise,

; and

• for i > K,

λi(Sd,n)
a.s.−−→ (1 +

√
γ)2.

Here,

T (z) =

∫
t

z − t
dµMP(γ)(t) for z ∈ C \ [a, b],

is the T -transform of µ, and µMP(γ) is the Marčhenko–Pastur distribution with parameter γ > 0. Its density is

dµMP(γ)(x) =
1

2πγx

√
(b− x)(x− a)1[a,b](x)dx+max

(
0, 1− 1

γ

)
δ0,

where 1[a,b] is the indicator function, a := (1 − √
γ)2 and b := (1 +

√
γ)2 denote the edges of the bulk of the distribution,

and δ0 is the Dirac delta at location 0. The inverse T -transform associated with µMP(γ) is

T−1(l) = (1 + 1/l)(1 + γl).

Note that for l ∈ R+ we indeed have T−1(1/l) ≥ b with equality only for l =
√
γ.

Importantly, the single-spike case of Theorem II.1 (equivalent to K = 1) is known as the BBP phase transition [11] and is
well-studied. Here, we extend the characterization of the phase transition to a mixture model with K ≥ 1 spikes, in which the
underlying spikes almost surely tend to some correlation.

Also note that the Gram limiting matrix L in Theorem II.1 is positive semi-definite given that the matrix of correlations
{θl,m}1≤l,m≤m is the limit of Gram matrices.
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Before addressing the proof of Theorem II.1, we illustrate this result empirically. We conducted a set of synthetic experiments
in which datasets were constructed from the SMM model in (1) with n = 2000, d = 1000, K = 2, and γ = 0.5, and for
which we sampled the v1,v2 spikes according to (3) and computed the covariance matrix (4). In Figure 1a, we plot the
eigenvalue distribution of the sample covariance matrix of a particular dataset. In this example dataset, the signal strengths of
the underlying spikes were set to β1 = 4 and β2 = 5, the probabilities of encountering these spikes were not equal, namely
π1 = 0.4 and π2 = 0.6, and the correlation between the spikes’ signal content was θ = 0.4. For these particular values of
the hyperparameters, we observe two eigenvalues successfuly popping out of the bulk of the Marčhenko–Pastur distribution.
In Figure 1b, we demonstrate that not all hyperparameter value combinations lead to two escaping eigenvalues, but only a
subset of them. This highlights the importance of understanding the interplay between the different SMM hyperparameters
to determine under which circumstances spectral methods can detect the presence of underlying signals, and under which
circumstances signals become effectively unrecoverable by spectral methods. This information will be crucial for effective
experimental design in noisy environments and applications.

III. DECOMPOSITION OF SMM COVARIANCE MATRICES & SMM PHASE TRANSITION PROOF

In section III-A, we start by decomposing the covariance matrices that the SMM can generate, and then lay out a proof
strategy for its phase transition. In sections III-B to III-E, we prove the necessary facts.

A. Prelude (decomposition of the covariance matrices)

Let zi ∈ {1, . . . ,K} be a latent categorical variable indicating which component of the mixture (i.e., spike) was used to
generate the observation yi. Thus, yi|(zi = k) ∼ N (0, βkvkv

T
k + Id). With xi ∼ N (0, Id), the covariance matrix from the

SMM (1) can be expanded as:

Sd,n =
1

n

n∑
i=1

yiy
T
i =

1

n

K∑
k=1

(βkvkv
T
k + Id)

1/2

 ∑
i,zi=k

xix
T
i

 (βkvkv
T
k + Id)

1/2

=

K∑
k=1

nk

n
(βkvkv

T
k + Id)

1/2Zk(βkvkv
T
k + Id)

1/2, (5)

where nk = |{i ∈ [n] s.t. zi = k}|. Conditioned on nk, nkZk =
∑

i,zi=k xix
T
i follows a Wishart distribution Wd(nk, Id). By

expanding the square root, we find:

Sd,n =

K∑
k=1

nk

n

(
Id + (

√
βk + 1− 1)vkv

T
k

)
Zk

(
Id + (

√
βk + 1− 1)vkv

T
k

)
= Z+

K∑
k=1

nk

n

[
ckvkv

T
kZk + ckZkvkv

T
k + c2k(v

T
kZkvk)vkv

T
k

]
= Z+

K∑
k=1

nk

n

[
vkv

T
kHk +Hkvkv

T
k

]
,

with nZ =
∑K

k=1 nkZk =
∑n

i=1 ziz
T
i ∼ Wd(n, Id), ck =

√
βk + 1 − 1, and Hk = (ckZk +

c2k
2 (vT

kZkvk)Id) ∈ Rd×d. If we
define

P1 =
[√

n1

n H1v1

√
n1

n v1 . . .
√

nK

n HKvK

√
nK

n vK

]
∈ Rd×2K , (6)

P2 =
[√

n1

n v1

√
n1

n H1v1 . . .
√

nK

n vK

√
nK

n HKvK

]
∈ Rd×2K , (7)

we can decompose the covariance matrix Sd,n as follows:

Sd,n = Z+P1P
T
2 . (8)

For a proof of SMM phase transition, we first derive the extreme eigenvalues of (8) in a manner similar to [20]. Subsequently,
we show that one can replace the 2K × 2K limiting matrix by a simpler K ×K matrix as described in Theorem II.1. The
proof relies on the following facts:

1) Extreme eigenvalues after K tend to the edge of the bulk of the MP distribution;
2) Extreme eigenvalues that do not escape the bulk of the MP distribution must tend to the edge of the bulk;
3) Similar to [20], we express extreme eigenvalues of Sd,n outside the bulk as z’s such that a 2K × 2K matrix Md,n(z)

is singular;
4) The matrix Md,n(z) converges almost surely to a matrix M(z);
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(a) Example of two eigenvalues escaping the bulk of the Marčhenko–Pastur (MP) distribution. In this example dataset with n = 2000,
d = 1000, K = 2, and γ = 0.5, the spike signal strengths were set to β1 = 4 and β2 = 5, the spike probabilities to π1 = 0.4 and π2 = 0.6,
and the spike correlation to θ = 0.4. This plot shows both the theoretical (orange line) and the empirical (blue bars) Marčhenko–Pastur
distributions. For these particular hyperparameter values, we observe two eigenvalues (gray circles) successfully popping out of the bulk of
the Marčhenko–Pastur distribution, reporting detectability.

(b) Effect of changing one of the hyperparameters. We show how varying a single hyperparameter, while keeping all others the same as in
panel 1a impact the two largest eigenvalues. We explore varying the signal strength of the first spike, β1 (top-left), the signal strength of the
second spike, β2 (top-right), the correlation between the spikes, θ (bottom-left), and the spike probabilities, π1 and π2 (bottom-right). In all
plots, the situation of panel 1a is shown as a vertical purple line. We see that only a subset of all hyperparameter value combinations leads
to two eigenvalues escaping the bulk of the Marčhenko–Pastur distribution.

Fig. 1: Empirical demonstrations of the SMM phase transition. Panel 1a shows one particular scenario, where two eigenvalues
successfully escape the bulk of the Marčhenko–Pastur distribution, effectively reporting the spikes as recoverable from the
noise. Panel 1b shows variations on the scenario of panel 1a, demonstrating how the interplay between the different SMM
hyperparameters can result in either detectable or unrecoverable spikes.
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5) The z’s in Fact 4 such that M(z) is singular are also the z’s such that the matrix T (z)L has an eigenvalue of 1, for a
K ×K real matrix L; and

6) The z’s such that Md,n(z) is singular converge to the z’s such that M(z) is singular (continuity lemma, adapted from
[20]).

Fact 1 is proven in section III-B. In section III-C, we prove Facts 2 and 4, and recall Fact 3 from [20]. Facts 5 and 6 are
proven in section III-D when L has a simple spectrum. In section III-E, we extend this result to the case where L may have
equal eigenvalues.

B. Limits of the extreme eigenvalues λi(Sd,n) for i > K

In this section, we show that the extreme eigenvalues of Sd,n after K tend almost surely to the edge of the bulk of the MP
distribution. The proof relies on the following two lemmas.

Lemma III.1. For matrices P1 and P2, defined in (6) and (7), the matrix P = P1P
T
2 has at most K non-negative eigenvalues.

Proof. Reordering the columns of P1 and P2, we can decompose P as

P = XJXT, with

X =
[
v1 . . . vK Av1 . . . AvK

]
∈ Rd×2K , and

J =

[
0 IK
IK 0

]
∈ R2K×2K .

Let W ⊆ Rd be a subspace for which yTPy > 0 for every non-zero y. We start by proving that the mapping T (y) = XTy
is injective on W . For y0 ∈ W such that T (y0) = 0, we have

0 = yT
0XJXTy0 = yT

0Py0.

The definition of W implies that y0 = 0, proving that the linear mapping T is injective on W . Denoting T |W as the image
of T restricted to W , this means that

dim(W ) = dim(T |W ). (9)

Furthermore, any z ∈ T |W satisfies zTJz > 0. The definition of J implies that dim(T |W ) ≤ K and thus by (9) that
dim(W ) ≤ K.

Lemma III.2 (Bounded extreme eigenvalues after K). For Sd,n = Z+P1P
T
2 , defined in (8) and assuming that d ≥ 2K, we

have:

λi(Z) ≤ λi(Sd,n) ≤ λi−K(Z), ∀i > K.

Proof. The proof is based on Weyl’s inequality:

λi(Sd,n) ≤ λi−K(Z) + λK+1(P1P
T
2 )

≤ λi−K(Z) using Lemma III.1, and

λi(Z) ≤ λi(Sd,n) + λ1(−P1P
T
2 )

≤ λi(Sd,n)− λd(P1P
T
2 )

= λi(Sd,n) since rank(P1P
T
2 ) ≤ 2K.

Since the infimum and supremum of the bulk of the Marčhenko–Pastur (MP) distribution µMP(γ) correspond to a = (1−√
γ)2

and b = (1 +
√
γ)2, it follows from [20] (section 6.2.1) that for every i ≥ 1:

λi(Z)
a.s.−−→ b,

λd−i+1(Z)
a.s.−−→ a.

Combining this with Lemma III.2, we obtain for every i > K:

λi(Sd,n)
a.s.−−→ b,

λd−i+1(Sd,n)
a.s.−−→ a.

In other words, all extreme eigenvalues of Sd,n beyond the first K almost surely tend to the edge of the bulk of the MP
distribution.
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C. Limits of the extreme eigenvalues λi(Sd,n) for i ≤ K

Using the lower bound from Lemma III.2, we know for i ≥ 1 that

λi(Sd,n) ≥ λi(Z). (10)

As in [20], the convergence of extreme eigenvalues of Z together with (10) implies that

lim inf
n→∞

λi(Sd,n) ≥ b.

This shows that extreme eigenvalues of Sd,n that do not escape the bulk of the MP distribution must necessarily converge to
its edge b.

In the following, we are interested in extreme eigenvalues that lie outside the bulk of the MP distribution. Similar to [20],
we will show that the extreme eigenvalues of Sd,n are the z’s such that a certain matrix Md,n(z) is singular. It is known that
the eigenvalues of the matrix Z weakly converge to the MP distribution. Any z /∈ {λ1(Z), . . . , λn(Z)} is an eigenvalue of
Sd,n iff:

0 = det(zId − Sd,n)

= det(zId − Z) det(Id − (zId − Z)−1P1P
T
2 ) since z /∈ {λ1(Z), . . . , λn(Z)},

= det(I2K −PT
2 (zId − Z)−1P1) using Sylvester’s determinant identity.

This shows that any z /∈ {λ1(Z), . . . , λn(Z)} is an eigenvalue of Sd,n if and only if the 2K × 2K matrix Md,n(z) =
I2K − PT

2 (zId − Z)−1P1 is singular. Since we know that λd(Z) and λ1(Z) converge to the edge of the bulk of the MP
distribution, the eigenvalues outside the bulk are the z’s from the set:

K(η) := {z ∈ C; d(z, [a, b]) ≥ η} , ∀η > 0. (11)

Using Theorem A.2 together with Lemmas B.2 and B.3, we get that the matrix Md,n(z) converges almost surely to a matrix
M(z) as n, d → ∞ such that d

n → γ.

Md,n(z)2l−1,2m−1 = 1l=m −
√
nlnm

n
vT
l (zId − Z)−1Hmvm

= 1l=m −
√
nlnm

n

[
cmvT

l (zId − Z)−1Zmvm +
c2m
2
vT
l Zmvlv

T
l (zId − Z)−1vm

]
→ 1l=m −

√
πlπmθl,m

[
cmT (z) +

c2m
2
T (z)(1− γG(z))

]
= 1l=m −

√
πlπmθl,mT (z)cm

[
1 +

cm
2
(1− γG(z))

]
,

Md,n(z)2l−1,2m = −
√
nlnm

n
vT
l (zId − Z)−1vm

→ −
√
πlπmθl,mG(z),

Md,n(z)2l,2m−1 = −
√
nlnm

n
vT
l Hl(zId − Z)−1Hmvm

= −
√
nlnm

n
clcmvT

l

(
Zl +

cl
2
vT
l ZlvlId

)
(zId − Z)−1

(
Zm +

cm
2
vT
mZmvmId

)
vm

→ −
√
πlπmθl,mclcm

[
T (z)

(
γ

πl
δl=m +

1

1− γG(z)

)
+

cl + cm
2

T (z) +
clcm
4

G(z)

]
= −

√
πlπm

[
θl,mclcm

T (z)γ

πl
δl=m + θl,mclcm

T 2(z)

G(z)

(
1 +

cl
2
(1− γG(z))

)(
1 +

cm
2
(1− γG(z))

)]
using the relation G(z) = T (z)(1− γG(z)) in the last step, and

Md,n(z)2l,2m = 1l=m −
√
nlnm

n
vT
l Hl(zId − Z)−1vm

= 1l=m −
√
nlnm

n

[
clv

T
l Zl(zId − Z)−1vm +

c2l
2
vT
l Zlvlv

T
l (zId − Z)−1vm

]
→ 1l=m −

√
πlπmθl,m

[
clT (z) +

c2l
2
T (z)(1− γG(z))

]
= 1l=m −

√
πlπmθl,mclT (z)

[
1 +

cl
2
(1− γG(z))

]
,
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with G(z) the Cauchy Transform of the Marčhenko–Pastur distribution:

G(z) =

∫
1

z − t
dµMP(γ)(t).

Using ai = ci(1 +
ci
2 (1− γG(z)), we define the matrices Ai,Bi,j ∈ R2×2 and the vectors ci,di ∈ R2 as follows:

Ai :=

[
aiT (z) G(z)

c2iT (z)γ/πi + a2i
T 2(z)
G(z) aiT (z)

]
,

Bi,j :=

[
ajT (z) G(z)

aiajT
2(z)/G(z) aiT (z)

]
= cid

T
j ,

ci :=

[
1

aiT (z)/G(z)

]
,di :=

[
aiT (z)
G(z)

]
.

With this notation, we obtain that Md,n(z)
a.s.−−−−−−−−−→

d,n→∞, dn→γ
M(z), with

M(z) := I2K −


π1A1

√
π1π2θ1,2B12 . . .

√
π1πKθ1,KB1K√

π1π2θ2,1B21 π2A2 . . .
√
π2πKθ2,KB2K

. . . . . .√
π1πKθK,1BK,1 . . . . . . I− πKAK

 := I2K − L. (12)

Moreover, the convergence of Md,n is uniform on K(η) for all η > 0, (11).

D. Equivalence using determinant relation

In this section, we want to find z such that the matrix M(z) in (12) is singular. We start by defining the matrix M̃(z) =
I2K − L̃(z) by its entries:

[M̃(z)]i,j := (−1)i+j [M(z)]i,j .

By design, the matrix M̃(z) has the same determinant as the matrix M(z) since it is obtained by multiplying all even rows
and even columns by −1. We can rewrite the absolute value of the determinant as:

|det(M(z))| =
∣∣∣det(M(z)M̃(z))

∣∣∣1/2
=
∣∣∣det((I2K − L(z))(I2K − L̃(z))

)∣∣∣1/2
=
∣∣∣det(I2K −

(
L(z) + L̃(z)− L(z)L̃(z)

))∣∣∣1/2 . (13)

Defining W := L(z) + L̃(z)− L(z)L̃(z) results through computation (and cancelation) in:

W[2i:2i+2,2i:2i+2] = πiβiT (z)

[
1 0
0 1

]
, i ∈ [0,K − 1],

W[2i:2i+2,2j:2j+2] =
√
πiπjθi,j

[
βjT (z) 0

T 2(z)(c2i aj − c2jai) βiT (z)

]
, i, j ∈ [0,K − 1], i ̸= j.

We finish by linking the matrix W ∈ C2K×2K to the matrix L ∈ RK×K defined in Theorem (II.1). Let

R := Diag
(√

β1,
√

β1,
√
β2,
√

β2, . . . ,
√
βK ,

√
βK

)
∈ R2K×2K

be a rescaling matrix. Furthermore, let Q ∈ R2K×2K be a permutation matrix such that multiplication with Q on the left moves
all even rows to the first K rows and multiplication with QT on the right moves all even columns to the first K columns.
More explicitly, with the permutation π̃ defined as

π̃(i) =

{
2i if i ∈ [0,K − 1]

2(i−K) + 1 if i ∈ [K, 2K − 1]
,

the permutation matrix Q can be defined as

Qi,j =

{
1 if j = π̃(i)

0 otherwise
,
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or equivalently:

Q =



1 0 0 0 . . . 0 0
0 0 1 0 . . . 0 0

. . .
0 0 0 0 . . . 1 0
0 1 0 0 . . . 0 0
0 0 0 1 . . . 0 0

. . .
0 0 0 0 . . . 0 1


.

The matrix QRWR−1QT is then block lower triangular with all diagonal blocks equal and corresponding to T (z)L. Knowing
this, equation (13) can then be simplified to:

|det(M(z))| = |det(I2K −W)|1/2

=
∣∣det (I2K −QRWR−1QT

)∣∣1/2
=
∣∣det(IK − T (z)L)2

∣∣1/2
= |det(IK − T (z)L)|

=

K∏
i=1

|1− T (z)λi(L)| . (14)

The phase transition for the extreme eigenvalues emerges since the MP distribution is compactly supported on [a, b], and thus
T (z) is defined outside [a, b]. Let

T (a−) := lim
z→a

T (z) = −1/
√
γ, and

T (b+) := lim
z→b

T (z) = 1/
√
γ

with T (z) being a homeomorphism from (−∞, a) to (T (a−), 0) and from (b,∞) to (0, T (b+)). Since λi(L) ≥ 0, there exists
a solution to T (z) = 1

λi(L) only when 1
λi(L) < T (b+), which is equivalent to λi(L) >

√
γ.

When the eigenvalues of the limiting matrix L are distinct, the conclusion of Theorem II.1 follows from an application of
Lemma III.3. When the eigenvalues are not distinct, we show in section III-E that, using a small perturbation, the conclusions
of Theorem II.1 remain valid.

Lemma III.3 (Continuity lemma, adapted from Lemma 6.1 in [20]). For λ1(L) > . . . > λr(L) >
√
γ with r ≤ K, there

exists r complex sequences, z1(d, n), . . . , zr(d, n), such that Re(z1(d, n)) ≥ . . . ≥ Re(zr(d, n)) converge respectively to the
eigenvalues outside the bulk of the MP distribution:

T−1(1/λ1(L)), . . . , T
−1(1/λr(L)).

Proof. We start by proving that the z’s we are looking for do not escape the bulk of the MP distribution at infinity and that
they lie in a compact set. Since T (z)

|z|→∞−−−−→ 0, there exists a real scalar R ≥ (1 +
√
γ)2 such that for every z ∈ C, |z| ≥ R:

|T (z)| ≤ 1

2λ1(L)
.

As such, for all i ∈ [K], |z| ≥ R we have:

|1− T (z)λi(L)| ≥
1

2
.

Combining this with (14), we get for |z| ≥ R that

| det (M(z)) | ≥ 2−K . (15)

Moreover, we have shown in section III-C that Md,n(z) converges uniformly on K(η) = {z ∈ C; d(z, [a, b]) ≥ η} for all
η > 0. Together with (15), this uniform convergence implies that for a large enough n and d, the z’s such that Md,n(z) is
singular are supported on a compact subset K1 ⊂ K(η). This ensures that z does not run away to infinity.
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For l ̸= r ∈ K1, we denote Cardl,r as the number of z’s in B(l, r), the complex ball of diameter [l, r], such that det(M(z)) =
0. Similarly, Cardl,r(d, n) denotes the numbers of z’s such that det(Md,n(z)) = 0. With l, r /∈ {λ1(L), . . . , λr(L)} ,γ is a
circle of diameter [l, r]. We finish by showing that for every l, r, Cardl,r(d, n) converges almost surely to Cardl,r:

Cardl,r =
1

2πi

∫
γ

∂z detM(z)

detM(z)
dz = lim

n→∞,
d→∞,
d
n→γ

1

2πi

∫
γ

∂z detMd,n(z)

detMd,n(z)
dz.

This shows that for d and n large enough, there exist r distinct solutions to det (Md,n(z)) = 0, denoted as z1(d, n), . . . , zr(d, n)
and with Re(z1(d, n)) ≥ . . . ≥ Re(zr(d, n)). Furthermore, since we can choose l and r arbitrarily close to each other, we
must have

zi(d, n)
a.s.−−−−→

n→∞,
d→∞,
d
n→γ

T−1

(
1

λi(L)

)
, ∀i ∈ [1, r].

E. Perturbation analysis

The purpose of this section is to extend Theorem II.1 to the case where L has repeated eigenvalues. We do so by introducing
an arbitrarily small perturbation of the spikes v1, . . . ,vK that yields a limiting matrix with a simple spectrum, by subsequently
applying the results from section III-D, and finally by removing the perturbation by continuity.

Let w1, . . . ,wK ∼ N (0, 1
dId) be K independent vectors sampled from a multivariate Gaussian distribution. For arbitrary

real scalars t1, . . . , tK ∈ R, we construct perturbed spike vectors ṽi as follows:

ṽi :=
vi + tiwi

∥vi + tiwi∥
, ∀i ∈ [K], (16)

β̃i := (1 + t2i )βi, ∀i ∈ [K]. (17)

For i ̸= j, we get

ṽT
i ṽj

a.s.−−−→
d→∞

θi,j√
(1 + t2i )(1 + t2j )

:= θ̃i,j ,

and

vT
i ṽi

a.s.−−−→
d→∞

1√
1 + t2i

. (18)

With D̃ = Diag(π1β̃1, . . . , πK β̃K) and t = (t1, . . . , tK), we define

L̃(t) := D̃1/2θ̃D̃1/2.

The discriminant ∆(t) of the characteristic polynomial of L̃(t) is a real analytic function of the entries of L̃(t). As L̃(t)
depends on t only in the diagonal, using the strengthened form of the Gershgorin circle theorem, we can choose t such that
the Gershgorin discs do not intersect. Hence, L̃(t) has a simple spectrum and ∆(t) ̸= 0. Therefore, ∆ is not identically zero.
Since the zero set of a not identically zero, real analytic function has an empty interior, the set of perturbations yielding a
simple spectrum is dense. Moreover, since L̃(t) → L as ∥t∥∞ → 0, for every real scalar δ1 > 0, there exists an arbitrarily
small t0 (∥t0∥∞ ≤ δ2, with δ2 a real scalar) such that L̃(t0) has a simple spectrum and

∥L− L̃(t0)∥op ≤ δ1. (19)

Let S̃d,n be the covariance matrix associated with the perturbed vectors from (16) and (17) with t0. Furthermore, let

ρ(l) :=

{
T−1 (1/l) if l >

√
γ

(1 +
√
γ)2 otherwise

.

Since L̃(t0) has distinct eigenvalues, the conclusion from section III-D shows that

λi(S̃d,n)
a.s.−−−−→

n→∞,
d→∞,
d
n→γ

ρ̃i := ρ
(
λi(L̃(t0))

)
.
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Using the triangle inequality, we get

|λi(Sd,n)− ρ(λi(L))| ≤
∣∣∣λi(Sd,n)− λi(S̃d,n)

∣∣∣︸ ︷︷ ︸
(A)

+
∣∣∣λi(S̃d,n)− ρ̃i

∣∣∣︸ ︷︷ ︸
(B)

+ |ρ̃i − ρ(λi(L))|︸ ︷︷ ︸
(C)

. (20)

We show the following facts:
(C) is small by continuity of the function ρ;
(B) tends to zero by a previously established result in the case where the limiting matrix has distinct eigenvalues; and
(A) is small because the perturbation of the spikes is small. Hence, ∥Sd,n− S̃d,n∥op can be made arbitrarily small and Weyl’s

inequality applies.
In the following, we let the real scalar ε > 0 be arbitrary. Starting with the (C) term, using Weyl’s inequality together with
(19), we get that

|λi(L̃(t0))− λi(L)| ≤ δ1.

By selecting δ1 sufficiently small, we get by continuity of the function ρ that

|ρ̃i − ρ(λi(L))| ≤
ε

3
. (21)

For the (B) term, the results from section III-D imply that for a large enough n and d, almost surely

|λi(S̃d,n)− ρ̃i| ≤
ε

3
. (22)

We finish by bounding the (A) term, using Weyl’s inequality once again:

|λi(Sd,n)− λi(S̃d,n)| ≤ ∥Sd,n − S̃d,n∥op.

Combining this with the definitions of Sd,n and S̃d,n in (5) and the triangle inequality, we obtain:∣∣∣λi(Sd,n)− λi(S̃d,n)
∣∣∣

≤
K∑

k=1

nk

n

∥∥∥∥(Id + βkvkv
T
k

)1/2
Zk

(
Id + βkvkv

T
k

)1/2 − (Id + β̃kṽkṽ
T
k

)1/2
Zk

(
Id + β̃kṽkṽ

T
k

)1/2∥∥∥∥
op

≤
K∑

k=1

nk

n

∥∥∥∥(Id + βkvkv
T
k

)1/2 − (Id + β̃kṽkṽ
T
k

)1/2∥∥∥∥
op

∥Zk∥op
(
(1 + βk)

1/2 + (1 + β̃k)
1/2
)
.

We proceed by showing that
∥∥∥∥(Id + βkvkv

T
k

)1/2 − (Id + β̃kṽkṽ
T
k

)1/2∥∥∥∥
op

can be made arbitrarily small by an appropriate

choice of δ1: ∥∥∥∥(Id + βkvkv
T
k

)1/2 − (Id + β̃kṽkṽ
T
k

)1/2∥∥∥∥
op

=

∥∥∥∥(√βk + 1− 1
)
vkv

T
k −

(√
β̃k + 1− 1

)
ṽkṽ

T
k

∥∥∥∥
op

≤
∥∥∥∥(√βk + 1− 1

)
vkv

T
k −

(√
β̃k + 1− 1

)
vkv

T
k

∥∥∥∥
op

+

∣∣∣∣√β̃k + 1− 1

∣∣∣∣ ∥∥vkv
T
k − ṽkṽ

T
k

∥∥
op

≤
∣∣∣∣√βk + 1−

√
β̃k + 1

∣∣∣∣+ ∣∣∣∣√β̃k + 1− 1

∣∣∣∣√2
√

1− (vT
k ṽk)2.

Plugging in the definition of β̃k (17) and the asymptotic correlation of vT
k ṽk (18), for an appropriate choice of δ2, we get that

for a large enough n and d almost surely ∣∣∣λi(Sd,n)− λi(S̃d,n)
∣∣∣ ≤ ε

3
. (23)

Finally, using (21), (22), and (23) in (20), we get that for a large enough n and d, almost surely

|λi(Sd,n)− ρ(λi(L))| ≤ ε.
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IV. CONCLUSION

This work examines the recovery of signals from noisy measurements in high-dimensional regimes. In doing so, we extend
beyond previous work on finitely many, low-rank perturbations of large random matrices. Our results generalize the phase
transition behavior known for such perturbations, moving from a single-spike framework to a multi-spike mixture model setting.
The latter facilitates the study of signal recovery in scenarios where multiple signals underlie a measurement set, which opens
up a broad field of new applications. To our knowledge, this is the first study to characterize a multi-spike mixture scenario
and to demonstrate the interaction of correlation, signal energy, and mixture probability in the phase transition. Consequently,
our study builds on and extends prior work on the single-spike model’s phase transition.

Specifically, our work examines the feasibility of signal recovery by extreme eigenvalues for measurements that can be
modeled by a spiked mixture model (SMM). The SMM is not the first model to facilitate multiple spikes, with previous work,
e.g., on linear multi-spike models [12]. However, linear formulations do not always suit real-world measurements, particularly
in technologies where the mixing of signals is not linear or deviates substantially from linear in certain scenarios. In such
situations, the SMM can be essential: it accommodates multiple underlying signals yet does not require them to mix linearly,
but instead selects the dominant signal per observation. Examples of such application areas can be found in our previous work
on the SMM [16], where this model was successfully used in data types ranging from IMS in biomedicine to HSI in computer
vision.

Our findings show that in this multi-spike mixture model setting, the phase transition, and thus signal recovery by extreme
eigenvalues, depends on several interacting factors: the correlation between spikes (i.e., how similar in content two underlying
signals are), the energy parameter βk (i.e., the absolute strength of each underlying signal), and the mixture probabilities (i.e.,
how likely it is to encounter each underlying signal). Each of these parameters can individually impact the phase transition, and
thus our ability to recover signals. However, the multi-spike setting becomes particularly interesting when we consider the hereto
less-studied role of inter-spike-correlation and the interplay between the different parameters. Examples of this include strongly
correlating spikes boosting mutual detectability despite making individual spike recognition harder, and the correlation between
spikes substantially modulating the traditional role that signal strength plays in detectability. More broadly, our results highlight
how the parameters of the mixture model interact and jointly shape the phase transition behaviour. Besides the methodological
insights and the generalization of single-spike scenarios, we believe that understanding this interplay can become an essential
tool for driving experimental design, e.g., when developing physical IMS experiments in analytical chemistry and the life
sciences.
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APPENDIX A
CONCENTRATION BOUNDS

Theorem A.1 (Concentration of Lipschitz functions on the sphere [21] (section 5.1.2)). Consider a random vector y ∼
Unif(Sd−1) and a Lipschitz function f : Sd−1 → R, with Lipschitz constant ∥f∥Lip. For every t ≥ 0 and d large enough,

P{|f(y)− E f(y)| ≥ t} ≤ 2 exp

(
− cdt2

∥f∥2Lip

)
,

for an absolute positive constant c.

Theorem A.2 (Convergence orthogonal invariant bounded matrix). Consider an orthogonal invariant random matrix ensemble
given by the probability measure Pd on sets Ωd of d× d complex matrices. Let A ∈ Cd×d be a matrix sampled from such a
model. Assume:

(i) (operator norm bound in probability) There exists a deterministic function C(d) with

C(d) −−−→
d→∞

C < ∞,

such that ∑
d≥1

P {∥A∥op ≥ C(d)} < ∞.

(ii) (convergence of the normalized trace) The first moment converges almost surely:

Tr(A)

d

a.s.−−−→
d→∞

µ.

Then, for any pair of random unit vectors u,v ∈ Sd−1 (independent of A) such that

uTv
a.s.−−−→

d→∞
ℓ,

we have

uTAv
a.s.−−−→

d→∞
ℓ µ.

Proof. Projecting v on u, we get the decomposition

v =
(u · v)
∥u∥

u

∥u∥
+

(
v − (u · v)

∥u∥
u

∥u∥

)
,

and thus uTAv = A1 +A2 with

A1 = (u · v)uTAu,

A2 = uTA(v − (u · v)u).

Since A is orthogonal invariant, uTAu has the same distribution as yTAy for any y ∈ Sd−1, which we denote as

A1 ∼ (u · v)yTAy.

In particular, we take y ∼ Unif(Sd−1). Similarly, A2 ∼
√
1− (u · v)2yT

1Ay2 for y1 = (a1, . . . , ad), y2 = (b1, . . . bd), the
first two rows of a Haar distributed random orthogonal matrix. We then analyze the limits of A1 and A2 separately.

• Step 1: uTAu behaves like g1(y) := yTAy for y ∼ Unif(Sd−1). If we condition on A, g1 is Lipschitz on Sd−1 since:

∇g1(y) = (A+AT)y

∥∇g1(y)∥2 ≤ 2∥A∥op.

Furthermore, the conditional expectation gives

E [g(y)|A] =
1

d
Tr(A).

Applying Theorem A.1, we find the conditional probability bound:

P
{∣∣∣∣yTAy − 1

d
Tr(A)

∣∣∣∣ ≥ t |A
}

≤ 2 exp

(
− cdt2

4∥A∥2op

)
. (24)
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Let D :=
{∣∣yTAy − 1

d Tr(A)
∣∣ ≥ t

}
and B := {∥A∥op ≤ C(d)}, noting that B is determined by A, we get:

P {D|B} =
E {1D1B}
P {B}

=
EA ED {1D1B |A}

P {B}
=

EA 1BP {D|A}
P {B}

.

Applying the bound (24) pointwise gives:

P
{∣∣∣∣yTAy − 1

d
Tr(A)

∣∣∣∣ ≥ t | ∥A∥op ≤ C(d)

}
≤ 2 exp

(
− cdt2

4C(d)2

)
.

The assumptions on A give:

P
{∣∣∣∣yTAy − 1

d
Tr(A)

∣∣∣∣ ≥ t

}
≤ exp

(
− c2dt

2

C(d)2

)
+ P {∥A∥op > C(d)} . (25)

We continue by taking t = t(d), a decreasing function, such that the exponential term in (25) is summable. For example with
t = d−1/4, for d large enough we get

P
{∣∣∣∣yTAy − 1

d
Tr(A)

∣∣∣∣ ≥ d−1/4

}
= exp

(
−c3d

1/2
)
+ P {∥A∥op > C(d)} . (26)

By assumption (i), the right hand side of (26) is summable in d. Therefore, the Borel-Cantelli lemma implies:∣∣∣∣yTAy − 1

d
Tr(A)

∣∣∣∣ a.s.−−−→
d→∞

0.

Using the assumption of the almost sure convergence of the first moment, we get that:

yTAy
a.s.−−−→

d→∞
µ.

• Step 2: Analogous to step 1, we use the function g2(y1,y2) = yT
1Ay2, which is also Lipschitz on Sd−1 × Sd−1 since:

∇x1g2(x1,x2) = Ax2, ∇x2g2(x1,x2) = ATx1

∥∇g2(x1,x2)∥22 ≤ ∥ATx1∥22 + ∥Ax2∥22 ≤ 2∥A∥2op.

Conditioned on A, by symmetry yT
1Ay2 and −yT

1Ay2 give

E [g2(y1,y2)|A] = 0,

and thus by Theorem A.1, we find

P
{
|yT

1Ay2| ≥ t |A
}
≤ 2 exp

(
− cdt2

∥A∥2op

)
.

Similar to step 1, this allows us to conclude that

yT
1Ay2

a.s.−−−→
d→∞

0.

APPENDIX B
COMPUTATION OF LIMITS

Lemma B.1 (Herbst [22]). Let G be a Lipschitz function on Rm, with Lipschitz constant ∥G∥Lip. Then, under the Gaussian
measure γm, for all real scalars δ > 0, we get the following concentration:

γm (|G− E[G]| ≥ δ) ≤ 2 exp

(
− δ2

2∥G∥2Lip

)
.

Lemma B.2. Let X ∈ Rd×n have i.i.d. Gaussian entries N (0, 1). Partition the columns as X =
[
X1 X2

]
, with X1 ∈ Rd×n1 ,

X2 ∈ Rd×(n−n1), and n1 ∼ B(n, π1) an independent random variable sampled from the Binomial distribution. Set

Sn :=
XXT

n
, Rn(z) := (zI− Sn)

−1, and An(z) := Rn(z)
X1X

T
1

n1
,

where z ∈ C \ {λ1(Sn), . . . , λd(Sn)}. Assume d, n → ∞ with d/n → γ ∈ (0,∞). Then,

1

d
Tr(An(z))

a.s.−−→ T (z),
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where T (z) =
∫
t

t
z−tdµMP(γ)(t) is the T -transform of the Marčhenko–Pastur law of parameter γ. Moreover, this convergence

is uniform on K(η) = {z ∈ C, d(z, [a, b]) > η} for all real scalars η > 0.

Proof. We define for the jth column xj of X:

aj :=
1

d
xT
j Rn(z)xj .

Then,

1

d
Tr

(
Rn(z)

X1X
T
1

n1

)
=

1

n1

n1∑
j=1

aj , and
1

d
Tr

(
Rn(z)

XXT

n

)
=

1

n

n∑
j=1

aj .

Since the columns of X are i.i.d., E[aj ] is the same for every j. Hence,

E
[
1

d
Tr

(
Rn(z)

X1X
T
1

n1

)]
= E

[
1

d
Tr

(
Rn(z)

XXT

n

)]
. (27)

The RHS of (27) corresponds to E
∫
t

t
z−tdµSd,n

(t), where µSd,n
(t) is the empirical spectral distribution (ESD) of Sd,n. By

the Marčhenko–Pastur theorem, the ESD of Sd,n converges weakly (and in expectation) to the Marčhenko–Pastur law µMP(γ).
Therefore,

E
[
1

d
Tr

(
Rn(z)

X1X
T
1

n1

)]
−−−−−−−−−→
d,n→∞, dn→γ

∫
t

t

z − t
dµMP(γ)(t) = T (z). (28)

We then show concentration using Lemma B.1 for Lipschitz functions. Let Yn := 1
d Tr(An(z)) = 1

dn1

∑n1

j=1 x
T
j Rn(z)xj .

Then,

∂Rn(z)

∂Xkl
=

1

n
Rn(z)

(
Xele

T
k + eke

T
l X

T
)
Rn(z) =

1

n
Rn(z)

(
xle

T
k + ekx

T
l

)
Rn(z)

∂Yn

∂Xkl
=

1

dn1

n1∑
j=1

2eTkRn(z)xj1{j=l} + xT
j

∂Rn(z)

∂Xkl
xj

=
2

dn1
eTkRn(z)xl1{l≤n1} +

1

dn1n

n1∑
j=1

xT
j Rn(z)(xle

T
k + ekx

T
l )Rn(z)xj

=
2

dn1
eTkRn(z)xl1{l≤n1} +

2

dn1n
eTkRn(z)

 n1∑
j=1

xjx
T
j

Rn(z)xl.

We use the operator norm bound for the resolvent:

∥R(z)∥op ≤ 1

|Im(z)|
:= c(z).

This way, we can bound the absolute value of the partial derivatives of Y :∣∣∣∣ ∂Yn

∂Xkl

∣∣∣∣2 ≤ c1
d2n2

1

(
(eTkRn(z)xl)

2
1{l≤n1} +

1

n2
(eTkRn(z)X1X

T
1Rn(z)xl)

2

)
,

for some absolute constant c1 ≥ 0. Summing the last equation over k, l (and switching indices), we get:

∥∇Yn∥22 ≤ c1
d2n2

1

 n1∑
i=1

∥Rn(z)xi∥22 +
1

n2

n∑
j=1

∥Rn(z)X1X
T
1Rn(z)xj∥22


≤ c1

 1

d2n2
1

c(z)2
n1∑
i=1

∥xi∥22 +
1

d2n2
1n

2
c4(z)∥X1∥4op

n∑
j=1

∥xj∥22

 . (29)

We now define the sets A,B, C, and D, where the gradient is bounded:

A :=
{
∥xi∥2 ≤ 2

√
d, 1 ≤ i ≤ n

}
,

B :=
{
∥X1∥op ≤ c3

(√
d+

√
n1

)}
,

C :=
{∣∣∣n1

n
− π1

∣∣∣ ≤ ε
}
, ε ∈ (0, 1),

D := A ∩ B ∩ C,
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which are such that

P {Ac} ≤ n exp(−c2d), P {Bc} ≤ 2 exp(−d), P {Cc} ≤ 2 exp
(
−c6nε

2
)
. (30)

The probability bounds for A can be found in chapter 3 of [21], for B in chapter 4 of [21], and for C using the Chernoff
bound. We thus get that

∥∇Yn∥22 ≤ O
(

1

dn

)
=: L2

d,n,

with a probability of at least 1−O (exp (−c4d)) for n and d large enough such that d
n → γ (c4 is a constant dependent on z

and ε).
Let f : Rd×n → C be such that Yn = f(X). We define f̃ to be the McShane’s extension of f :

f̃(X) = inf
Z∈D

f(Z) + Ld,n∥X− Z∥F.

This extension guarantees that f̃ is Ld,n-Lipschitz and that

f̃(X) = f(X) ∀X ∈ D. (31)

We will now show that this extension gives E
[
|f(X)− f̃(X)|

]
= o(1). Using (31) and Cauchy-Schwarz, we get:∣∣∣E [f(X)− f̃(X)

]∣∣∣ = ∣∣∣E [(f(X)− f̃(X))1X∈Dc

]∣∣∣
≤

√
E
[(

f(X)− f̃(X)
)2]

P [Dc]

≤
√
2

√
E f2(X) + E f̃2(X)

√
P[Dc], (32)

and

f2(X) =

(
1

d
Tr

(
Rn(z)

X1X
T
1

n1

))2

≤
∥∥∥∥Rn(z)

X1X
T
1

n1

∥∥∥∥2
op

≤ c(z)
∥X1∥4op

n2
1

.

Using the Dominated convergence theorem and the fact that n1/n → π1 almost surely, we further obtain that

lim
n→∞,
d→∞,
d
n→γ

E[f2(X)] = E
[
lim
d,n

E
[
f2(X) |n1

]]
≤ c2(z)E

lim
d,n

(√
d

n1
+ 1

)2
 =: c7, (33)

f̃(0) = 0 since X = 0 gives Sn = 0, and An = 0. Since f̃ is Lipschitz we get:

|f̃(X)| ≤ |f(0)|+ Ld,n∥X∥F = Ld,n∥X∥F

E f̃2(X) ≤ L2
d,n E ∥X∥2F = O (1) . (34)

Plugging (30), (33), and (34) into (32), we get:

E
[
|f(X)− f̃(X)|

]
= o(1). (35)

We are now ready to provide a concentration bound on f(X) around its expectation:

P [|f(X)− E f(X)| ≥ t] = P [|f(X)− E f(X)| ≥ t,X ∈ D] + P [|f(X)− E f(X)| ≥ t,X ∈ Dc]

≤ P
[
|f̃(X)− E f(X)| ≥ t,X ∈ D

]
+ P[Dc]

≤ P
[
|f̃(X)− E f(X)| ≥ t

]
+ P[Dc]

≤ P
[
|f̃(X)− E f̃(X)| ≥ t− |E[f̃(X)− f(X)]|

]
+ P[Dc].

For n and d large enough, we know from (35) that E
[
|f(X)− f̃(X)|

]
≤ t

2 . An application of Lemma B.1 gives (for n and
d large enough):

P {|Yn − EYn| ≥ t} ≤ 2 exp

(
−t2dn

c5

)
+O (exp (−c4d)) , (36)
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for some large enough constant c5. By the Borel-Cantelli lemma, we get that |Yn − E[Yn]|
a.s.−−−−−−−−−→

d,n→∞, dn→γ
0, and therefore

combining with (28) yields

Yn
a.s.−−−−−−−−−→

d,n→∞, dn→γ
T (z).

Note that for n, d large enough, the quantities are uniformly bounded and equicontinuous on the set K(η) = {z ∈ C, d(z, [a, b]) >
η} for all η > 0. An application of Arzela-Ascoli’s theorem then gives the uniform convergence K(η).

Lemma B.3. Let X ∈ Rd×n have i.i.d. Gaussian entries ∼ N (0, 1). Partition the columns as X =
[
X1 X2 . . . XK

]
, with

Xi ∈ Rd×ni , (n1, . . . , nK) ∼ Mult(n, π1, . . . , πK), an independent random vector sampled from the multinomial distribution.
For i, j ∈ [K], set:

Sn :=
XXT

n
, Rn(z) := (zI− Sn)

−1, and Bn(z) :=
XiX

T
i

ni
Rn(z)

XjX
T
j

nj
,

where z ∈ C \ {λ1(Sn), . . . , λd(Sn)}. Assume d, n → ∞ with d/n → γ ∈ (0,∞). Then,

1

d
Tr(Bn(z))

a.s.−−→ T (z)

(
γ

πi
1i=j +

1

1− γG(z)

)
,

where T (z) =
∫
t

t
z−tdµMP(γ)(t), G(z) =

∫
t

1
z−tµMP(γ)(t) are respectively the T - and the Cauchy transform of the Marčhenko–Pastur

law of parameter γ. Moreover, this convergence is uniform on K(η) = {z ∈ C, d(z, [a, b]) > η} for all η > 0.

Proof. We start with the case i = j. Without loss of generality, we take i = 1.

1

d
ETr [Bn(z)] =

1

dn2
1

ETr

[
X1X

T
1

(
zI − 1

n
XXT

)−1

X1X
T
1

]

=
1

dn2
1

E
d∑

i=1

n1∑
j,k=1

[X1]i,j
[
XT

1Rn(z)X1

]
j,k

[X1]i,k

=
1

dn2
1

E
d∑

i=1

n1∑
j,k=1

δk=j

[
XT

1Rn(z)X1

]
j,k

+ [X1]i,k
∂

∂[X1]i,j

[
XT

1Rn(z)X1

]
j,k

. (37)

We used Stein’s identity in the last step. To continue, we need the differential of g(X1) = XT
1R(z)X1, which is given by

Dg(X1)(H) = HTRn(z)X1 +XT
1Rn(z)H+

1

n
XT

1Rn(z)
(
X1H

T +HXT
1

)
Rn(z)X1. (38)

Plugging this into (37), we get:

1

d
ETr [Bn(z)] =

1

n1
ETr

[
Rn(z)

X1X
T
1

n1

]
+

1

dn2
1

E
d∑

i=1

n1∑
j,k=1

[X1]i,k[Rn(z)X1]i,k + [X1]i,k[X
T
1Rn(z)]j,iδj=k

+
1

n

1

dn2
1

E
d∑

i=1

n1∑
j,k=1

(
[X1]i,k[X

T
1Rn(z)X1]j,j [Rn(z)X1]i,k + [X1]i,k[X

T
1Rn(z)]j,i [X

T
1Rn(z)X1]j,k

)
=

1

n1
ETr

[
Rn(z)

X1X
T
1

n1

]
+

1

d
ETr

[
Rn(z)

X1X
T
1

n1

]
+

1

dn1
ETr

[
R(z)

X1X
T
1

n1

]
+

1

dn
ETr

[
Rn(z)

X1X
T
1

n1

]
Tr

[
Rn(z)

X1X
T
1

n1

]
+

1

dn
ETr

[
X1X

T
1

n1
Rn(z)

X1X
T
1

n1
Rn(z)

]
.

The third and last term vanishes in the limit d → ∞, n → ∞ since by Lemma B.2 the expectation of 1
d ETr

[
Rn(z)

X1X
T
1

n1

]
is finite in the limit. Using Hoffman-Wielandt inequality in the last term, we find:

Tr

[
X1X

T
1

n1
Rn(z)

X1X
T
1

n1
Rn(z)

]
≤

d∑
i=1

λi

(
X1X

T
1

n1

)
λi

(
Rn(z)

X1X
T
1

n1
Rn(z)

)
. (39)

Furthermore, we use the fact that for two positive semi-definite matrices A,B we have:

λi(AB) ≤ λ1(A)λi(B) ∀i.
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Using this in (39), we obtain:

Tr

[
X1X

T
1

n1
Rn(z)

X1X
T
1

n1
Rn(z)

]
≤ λ2

1 (R(z))

d∑
i=1

λ2
i

(
X1X

T
1

n1

)
. (40)

The convergence in expectations on the moments of the Marčhenko–Pastur distribution together with the bound λ1(R(z)) ≤
1

|Im(z)| , we finally get from (40):

1

dn
ETr

[
X1X

T
1

n1
Rn(z)

X1X
T
1

n1
Rn(z)

]
−−−−−−−−−→
d,n→∞, dn→γ

0.

Lastly, we show that the variance of the normalized trace of Yn := 1
d Tr

(
Rn(z)

X1X
T
1

n1

)
goes to 0. By the Gaussian Poincaré

inequality:

Var (Yn) ≤ E ∥∇Yn∥2. (41)

Using the bound (29), and the facts that E ∥xi∥2 = d and E ∥X1∥4op = O(n2) for n and d large enough, we obtain:

E ∥∇Yn∥2 = O
(

1

dn

)
.

Together with (41), this implies:

Var (Yn) −−−−−−−→
d,n→∞, dnγ

0.

This means that:

E
(
1

d
Rn(z)

X1X
T
1

n1

)2

→
(
E
1

d
Rn(z)

X1X
T
1

n1

)2

.

All of this combined, we get:

1

d
ETr [Bn(z)] −−−−−−−−−→

d,n→∞, dn→γ
T (z)

(
γ

π1
+ 1 + γT (z)

)
.

Using the Marčhenko–Pastur relation with G(z), the Cauchy transform yields

T (z) = zG(z)− 1 =
G(z)

1− γG(z)
, (42)

and we find that

T (z)

(
γ

π1
+ 1 + γT

)
= T (z)

(
γ

π1
+

1

1− γG(z)

)
.

This gives, with (42), the convergence in expectation.
We finish by using the same gradient-norm bound argument as in Lemma B.2 to show that ∥∇ 1

d Tr(Bn(z))∥2 = O((dn)−1)
with exponentially high probability. Herbst’ lemma B.1, together with the McShane extension and Borel–Cantelli lemma give
almost surely convergence. The case for i ̸= j can be deduced by using what was proven for i = j, using the following
relation:

1

d
Tr

[
XiX

T
i

ni
(zI− Sn)

−1 XjX
T
j

nj

]

=
(ni + nj)

2

2ninj

1

d
Tr

[
XiX

T
i +XjX

T
j

ni + nj
(zI− Sn)

−1
(XiX

T
i +XjX

T
j )

ni + nj

]

− n2
i

2ninj

1

d
Tr

[
XiX

T
i

ni
(zI− Sn)

−1XiX
T
i

ni

]
−

n2
j

2ninj

1

d
Tr

[
XjX

T
j

nj
(zI− Sn)

−1
XjX

T
j

nj

]
.
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The convergence of each term can be deduced from what we proved in the case i = j and gives:

1

d
Tr

[
XiX

T
i

ni
(zI− Sn)

−1 XjX
T
j

nj

]
a.s.−−−−−−−−−→

d,n→∞, dn→γ

(πi + πj)
2

2πiπj
T (z)

(
γ

πi + πj
+

1

1− γG(z)

)
− 1

2

πi

πj
T (z)

(
γ

πi
+

1

1− γG(z)

)
− 1

2

πj

πi
T (z)

(
γ

πj
+

1

1− γG(z)

)
= T (z)

(
1

1− γG(z)

)
.

Similar to Lemma B.2, for n, d large enough, the quantities are uniformly bounded and equicontinuous on the set K(η) = {z ∈
C, d(z, [a, b]) > η} for all η > 0. An application of Arzela-Ascoli’s theorem thus gives the uniform convergence K(η).

APPENDIX C
RARE AND INTENSE SUBPOPULATIONS

The main paper establishes Theorem II.1 for fixed signal strengths βk in the SMM. In this appendix, we show that the
same phase transition mechanism also extends to scenarios with diverging energy parameters, βk → ∞, provided that the
probability-weighted energy πkβk stays bounded. This signal model captures rare but intense subpopulations: a spike is seen
in a vanishing fraction of observations (πk → 0) yet it is strong when present (βk → ∞), with a fixed limiting weighted
energy contribution πkβk → ηk. In an application domain such as IMS, this could represent a spatially scarce biological tissue
structure with a strong mass spectral signature. The regime is of particular interest because it can potentially be encountered
in application domains, yet it lies outside the framework provided by [19]. Specifically, the concentration of quadratic forms
that [19] assumes fails in this scenario, while the finite-rank-based analysis provided in this paper still applies.

A. The regime

We take βk = βk(d) and πk = πk(d) such that, as d, n → ∞ with d/n → γ,

βk → ∞, πkβk → ηk ∈ (0,∞),
√
d ≪ βk ≪ d. (43)

Since Ll,m = θl,m
√
πlπmβlβm = θl,m

√
ηlηm, the limiting matrix L depends on the spikes only through the weighted energy

ηk and stays bounded.

B. Failure of the concentration condition

Proposition C.1. Under (43), Assumption 5(c) of [19] is violated. More concretely, using π1β1 = η1, and A = 1
dId, we have

gTAg − E[gTAg] ̸≺ ∥A∥F .

Proof. Since TrA = 1 and ∥A∥F = d−1/2, we have TrA/∥A∥F =
√
d. Writing gTAg = 1

d∥g∥
2, the unconditional mean is

µ := E[gTAg] = 1 + 1
d

∑K
k=1 πkβk = 1 +O(d−1).

Conditioned on the rare spike {z = 1}, g = α
√
β1v1 + ε with α ∼ N (0, 1), ε ∼ N (0, Id). Then,

gTAg
∣∣ {z = 1} =

α2β1

d
+

2α
√
β1 v

T
1 ε

d
+

∥ε∥2

d
= 1 +

α2β1

d
+O≺

(
d−1/2

)
,

using 1
d∥ε∥

2 = 1 + O≺(d
−1/2) and 1

d 2α
√
β1v

T
1 ε = O≺(

√
β1/d) = o(d−1/2) since β1 ≪ d. Since α2 ∼ χ2

1, we have
P[α2 ≥ 1

2 ] ≥ c0 > 0. Moreover, on {z = 1} ∩ {α2 ≥ 1
2} and for all large d,∣∣gTAg − µ

∣∣ ≥ β1

2d
− o(d−1/2),

∣∣gTAg − µ
∣∣

∥A∥F
≳

β1/d

d−1/2
=

β1√
d

β1≫
√
d−−−−−−→ ∞.

Hence, there exists ε > 0 and large d such that this event lies in {|gTAg − E[gTAg]| > dε∥A∥F }, and its probability is

P
[
z = 1, α2 ≥ 1

2

]
= π1P

[
α2 ≥ 1

2

]
≥ c0η1

β1
≍ 1

β1
.

Taking a real scalar D = 1, since β1 ≪ d we have 1/β1 ≫ d−1 = d−D, so the bound P[·] < d−D required by ≺ fails for this
D. Thus, for this particular choice of A, Assumption 5(c) of [19] does not hold.
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C. Recovery of the phase transition: a worked example

We explore a concrete K = 2 instance in regime (43), which according to Proposition C.1 falls outside of the scope of
[19], and for which the finite-rank-based argument provided in this paper still recovers the phase transition. The example is
minimal: one rare-intense spike alongside an ordinary sub-critical one, with asymptotically orthogonal signals.

a) Setup: For K = 2, we draw v1,v2 from (3) with θ1,2 = 0, so that v1,v2 are independent and uniform on Sd−1.
Conditioning on v1, the map v2 7→ vT

1v2 is 1-Lipschitz with mean zero, so Theorem A.1 gives vT
1v2 = O≺(d

−1/2).

β1 = d1/2+ε (ε ∈ (0, 1
2 )), π1 =

η1
β1

, β2 > 0 fixed, π2 = 1− π1, π2β2 → β2 := η2 <
√
γ. (44)

Then, β1 → ∞, π1β1 = η1 ∈ (0,∞) fixed, and
√
d ≪ β1 ≪ d, so (43) holds for the rare component. The second signal

strength, β2, adheres to the fixed-strength setting of Theorem II.1. The limiting Gram matrix is diagonal, L = Diag(η1, η2).

b) Block sizes: With (n1, n2) ∼ Mult(n;π1, π2), the rare count n1 ∼ Binomial(n, π1) has mean m1 = nπ1 ≍
(η1/γ)d

1/2−ε → ∞. Since π1 → 0, the additive control {|n1/n − π1| ≤ ε} of Lemmas B.2–B.3 is vacuous (its exponent
nπ2

1 ≍ d−2ε → 0). We replace it by the multiplicative Chernoff bound, valid for every (n, π1) and δ ∈ (0, 1),

P (|n1 −m1| ≥ δ m1) ≤ 2 exp
(
− δ2m1

3

)
. (45)

As m1 is a diverging power of d, the right-hand side is summable, and the Borel-Cantelli lemma (letting δ to 0 along a
countable sequence) yields

n1
a.s.−−→ ∞,

n1

nπ1

a.s.−−−→ 1,
n1

n
β1

a.s.−−−→ 1,
n2

n

a.s.−−−→ 1. (46)

c) Weighted trace (adapting the convergence results): The diagonal limit of Lemma B.3 carries a factor γ/πi that diverges
as π1 → 0, so the lemma cannot be applied directly to the rare block. It is, however, needed only in the ni

n -weighted form, in
which the weight cancels the divergence. Setting

Bn(z) :=
X1X

T
1

n1
Rn(z)

X1X
T
1

n1
, Cn(z) :=

X2X
T
2

n2
Rn(z)

X2X
T
2

n2
,

the proof of Lemma B.3—which uses πi only through d/ni → γ/πi, all variance bounds needing merely ni → ∞ and
∥Rn∥ ≤ 1/|Im(z)|—together with (46) gives:

n1

n

1

d
Tr(Bn(z))

a.s.−−→ T (z)γ, (47)

n2

n

1

d
Tr(Cn(z))

a.s.−−→ T (z)

(
γ +

1

1− γG(z)

)
, (48)

the rare weight n1

n ≍ π1 absorbing the γ/π1.

d) Transform first, then take the limit: As in the approach developed above, we let:

Md,n(z) := PT
2 (zI− Z)−1P1,

M̃d,n(z) := P̃T
2 (zI− Z)−1P̃1.

where P̃i is obtained by scaling the even columns by −1. The eigenvalues popping out the MP spectra are the roots of

| det(I2K −Md,n)| =
∣∣∣det(I2K − (Md,n + M̃d,n −Md,nM̃d,n)

)∣∣∣1/2 . (49)

In the approach developed in section III for fixed βk, we first found the limiting Md,n, and manipulated the matrix afterward.
Here, the entries of Md,n diverge (c1 ∼

√
β1 → ∞), so we instead perform the manipulation at finite d and limit afterwards.

Conjugating by

R := Diag

(√
n2

n
,

√
n1

n
,

√
n1

n
,

√
n2

n

)
∈ R2K×2K
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is a similarity, hence determinant-preserving for every finite d, and it places every divergent quantity behind a weight
nk

n ≍ πk. With Hk = ckZk +
c2k
2 (vT

kZkvk)I, the strength β1 (equivalently c1 ∼
√
β1) therefore enters every entry of

R
(
Md,n + M̃d,n −Md,nM̃d,n

)
R−1 only through the bounded combinations

n1

n c21 → η1,
n1

n
c1 → 0,

together with the weighted traces (47), (48). Every entry is thus converging in the limit. The diagonal blocks converge to
multiples of the identity, while the cross blocks carry the additional factor vT

1v2 = O≺(d
−1/2) → 0 and hence vanish. We

then have

R(M+ M̃)R−1

:=


2n1

n vT
1 (zI− Z)−1H1v1 0 2n2

n vT
1 (zI− Z)−1H2v2 0

0 2n1

n vT
1H1(zI− Z)−1v1 0 2n1

n vT
1H1(zI− Z)−1v2

2n1

n vT
2 (zI− Z)−1H1v1 0 2n2

n vT
2 (zI− Z)−1H2v2 0

0 2n2

n vT
2H2(zI− Z)−1v1 0 2n2

n vT
2H2(zI− Z)−1v2



→


η1G(z) 0 0 0

0 η1G(z) 0 0
0 0 2c2T (z) + c22G(z) 0
0 0 0 2c2T (z) + c22G(z)


RMM̃R−1

→


η1γT (z)G(z) 0 0 0

0 η1γT (z)G(z) 0
0 0 −c22T (z)γG(z) 0
0 0 0 −c22T (z)γG(z)



R(M+ M̃)R−1 −RMM̃R−1 →


η1T (z) 0 0 0

0 η1T (z) 0 0
0 0 β2T (z) 0
0 0 0 β2T (z)

 , (50)

where we used the relation between G(z) and T (z) : T (z) = G(z)/(1− γG(z)).

e) Phase transition: By (49) and (50), the limiting outlier equation is

|1− η1T (z)| |1− η2T (z)| = 0.

By the threshold analysis of Section III-D, T (z) = 1/ηk has a root outside [a, b] iff ηk >
√
γ. Since η2 <

√
γ by construction,

the second factor gives no outlier and λ2(Sd,n) → (1 +
√
γ)2, while

λ1(Sd,n)
a.s.−−→

{
T−1(1/η1) = (1 + η1)(1 + γ/η1), η1 >

√
γ,

(1 +
√
γ)2, η1 ≤ √

γ.

Detectability of the rare spike’s subpopulation is thus governed by its weighted energy η1 = π1β1 alone, independently of
the peak strength β1 = d1/2+ε, for every ε ∈ (0, 1

2 ). Since this is a configuration on which Assumption 5(c) of [19] fails by
Proposition C.1, it demonstrates merit for a finite-rank-based approach as pursued in this paper.
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[8] L. Erdős, B. Schlein, and H.-T. Yau, “Semicircle law on short scales and delocalization of eigenvectors for wigner random
matrices,” The Annals of Probability, vol. 37, no. 3, pp. 815–852, May 2009.
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