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Abstract—We introduce the spiked mixture model (SMM) to
address the problem of estimating a set of signals from many
randomly scaled and noisy observations. Subsequently, we design
a novel expectation-maximization (EM) algorithm to recover all
parameters of the SMM. Numerical experiments show that in
low signal-to-noise ratio regimes, and for data types where the
SMM is relevant, SMM surpasses the more traditional Gaussian
mixture model (GMM) in terms of signal recovery performance.
The broad relevance of the SMM and its corresponding EM
recovery algorithm is demonstrated by applying the technique to
different data types. The first case study is a biomedical research
application, utilizing an imaging mass spectrometry dataset to
explore the molecular content of a rat brain tissue section at
micrometer scale. The second case study demonstrates SMM
performance in a computer vision application, segmenting a
hyperspectral imaging dataset into underlying patterns. While the
measurement modalities differ substantially, in both case studies
SMM is shown to recover signals that were missed by traditional
methods such as k-means clustering and GMM.

Index Terms—machine learning, signal recovery, expectation-
maximization, spiked mixture model, Gaussian mixture model,
imaging mass spectrometry, hyperspectral imaging.

I. INTRODUCTION
Many advances in sensor technology and instrumentation are
driven by the demand for greater specificity, sensitivity, and
resolution, often implicitly leading to the acquisition of ever
larger amounts of increasingly high-dimensional data. This
trend can be observed across a broad range of measurement
modalities and application domains, including super-resolution
imaging [1]], novel sensor types for computer vision and
remote sensing [2l], chemical assays [3], communication [4],
and military applications [S]. In cases where limited signal
strength or energy needs to be spread over a growing number
of observations and dimensions, it can become increasingly
difficult to differentiate between signals and to discern them
from background variation. For example, in certain imaging
techniques, sampling at smaller spatial distances can degrade
the signal-to-noise ratio (SNR) of pixel-specific measurements,
and adjusting the spectral resolution of a spectrometer can
impact its limit-of-detection (LOD). Therefore, the ability to
effectively and reliably recover signals from increasingly noisy
measurements is becoming essential to unlocking the full
potential of certain measurement modalities, particularly in
scenarios with substantial background noise, low SNR, or high

LOD (e.g., single-cell measurements with limited molecular
material to measure).

Signal recovery in noisy environments without prior knowl-
edge of the subpopulations within the observation pool is
often conducted using a Gaussian mixture model (GMM)
and by maximum likelihood estimation (MLE) of the model’s
parameters through expectation-maximization (EM) optimiza-
tion. For example, motivated by multi-reference alignment in
cryo-electron microscopy (a.k.a. the orbit retrieval problem),
Katsevich and Bandeira [[6] studied likelihood maximization
for the GMM in low SNR regimes. The use of a standard
GMM implicitly assumes that the signal subpopulations or
mixture components are normally distributed. Although this
is a broad assumption that fits many scenarios and contributes
to the popularity of this approach, certain measurement types
allow for more refined assumptions on the underlying mixture
components. For those measurement types, using a GMM will
lead to suboptimal signal recovery, especially at low SNR.

To address the mismatch between one such signal type and
the GMM, we introduce an alternative mixture model, called
the spiked mixture model (SMM). In the SMM, an observation
or measurement is a randomly scaled version of one of a
set of underlying signals called spikes, further perturbed by
additive noise. Spiked models, introduced by Johnstone [7],
are a class of models characterized by the insertion of a planted
vector into a random matrix. While previous work explored
the statistical properties of these models under various prior
distributions on the spike [8], our SMM takes a distinct
approach. One can view the SMM’s covariance matrix as a
sum of spiked Wishart matrices with one degree of freedom
and each spike sampled from a categorical prior. This differs
from the multi-spiked tensor model in [9] as we focus on a
mixture model rather than on linear combinations of spikes.

Although the SMM'’s signal spikes could potentially be
recovered using a GMM, we show that GMM-based recovery
is only practical in high-SNR scenarios. In contrast, an EM-
based approach that directly estimates an SMM consistently
outperforms the GMM, especially in noisy conditions. While
one could argue that refining the Gaussian distribution as-
sumption makes the SMM less broadly applicable than the
GMM, the SMM remains widely relevant to a variety of
application domains. In those domains, the SMM tends to fit
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the underlying signal model better, enabling advanced signal
detection and recovery. This becomes especially valuable
when addressing high-noise, low-SNR measurements. Beyond
its primary function of recovering signals from noisy mea-
surements, an EM-driven approach for SMM-fitting provides
additional information that classical methods, such as k-means
clustering (kMC), do not. These secondary outputs from the
fitting process include an implicit estimate of the observations’
noise variance, mixture probabilities for each spike, and spike
responsibilities, i.e., the probability that a noisy observation
belongs to a specific spike.

The desirable asymptotic properties of MLE make it a
common choice to drive the fitting process. As the number
of observations goes to infinity, MLE is an asymptotically
consistent and efficient estimator, i.e., it converges to the true
parameter values and achieves the lowest possible variance
among unbiased estimators ([10]], Chap. 10). However, com-
puting the MLE remains a challenge in many scenarios. A
typical algorithmic procedure to find a MLE candidate in the
presence of unobserved latent variables is EM [11} [12} [13].
EM is a sequential algorithm performing ‘soft assignment’
of observations to mixture components, with guarantees to
converge to a local maximum. Since deriving the equations for
an EM optimization is model-specific, Section [lI| is dedicated
to developing a custom EM algorithm for the SMM.

In Section we provide a direct comparison between
standard GMM-based signal recovery and the proposed SMM.
Using a synthetic dataset with known ground truth signal pop-
ulations (spikes), we demonstrate that in low-noise scenarios
SMM and GMM achieve equivalent recovery. However, in
high-noise regimes, SMM substantially outperforms GMM.

Section demonstrates the SMM in real-world appli-
cations. First, we use the SMM EM-algorithm to recover
underlying molecular signatures from noisy imaging mass
spectrometry (IMS) measurements of a rat brain tissue section.
The recovered spikes align with known biological structures,
the estimated responsibilities segment the tissue according to
molecular content, and SMM retrieves histological patterns
missed by GMM. This case illustrates SMM’s enhanced signal
accuracy when recovering in the presence of sizeable noise.
The second application uses SMM to segment hyperspectral
imaging (HSI) measurements. This case study demonstrates
SMM’s ability to differentiate signal subpopulations that
GMM and kMC have difficulty with. Notably, the SMM is not
intrinsically related to imaging data. Its signal model also finds
relevance in domains such as wireless communication, where
the SMM describes a random access narrowband flat fading
single-input multiple-output communication system ([[14]], Sec.
7.3). Imaging examples allow SMM estimation results (e.g.,
responsibilities) to be shown as images, aiding interpretation.

II. EXPECTATION-MAXIMIZATION ALGORITHM FOR THE
SPIKED MIXTURE MODEL

We study the problem of estimating a set of signals from
observations that consist of randomly scaled and noisy copies
of those signals. More precisely, we consider /N independent
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Fig. 1. Examplary realization of a spiked mixture model as specified in (T)
that underlies N observations, with N = 6, d = 2, and K = 3. Black lines
represent the directions, or spikes, along which observations concentrate, blue
dots are scaled observations along a particular spike without noise, and red
circles represent one standard deviation of the Gaussian noise perturbations.

observations y1,...,yny € R? sampled from the model

axXi + €
y= : ) (D
axi + € with probability 7x

a~N(0,1), e ~ N(0,0°T),

with probability m;

K

d
E =1, x1,...,Xg € R%,
k=1

where « is the random scaling factor of observation y, xy, is
the k-th subpopulation or spike, ¢ is the random noise of obser-
vation y, and 7 is the probability of the k-th subpopulation.
Let z € {1,..., K} be a latent categorical variable indicating
which of the spikes x3,...,Xx was used to generate y. Given
z, the random vector y is normally distributed as it is a sum
of independent normally distributed variables. Specifically, by
computing E[ax, + €] and E[(ax, + €)(ax, +€)T], we find
that y|z ~ N(0,%, := x.x. + o%I). Model (I) is thus a
constrained Gaussian mixture model (GMM) with density

K
p(Y) =m0z (), 2
k=1

where par(o,x.) denotes the probability density function of a
multivariate Gaussian distribution with mean 0 and covariance
3. . Instead of recovering the mean and covariance matrix of
each Gaussian component, our goal here is to estimate the
vector of parameters § = {xi,...,Xx,T1,...,TK,0>} that
defines them. We refer to this model as a spiked mixture model.

o The adjective spiked refers to observations concentrating
along certain directions, called spikes, in the measure-
ment space (Figure [T] shows an exemplary realization).

o Mixture refers to there being a set of K directions, spikes,
or signal subpopulations within the observations.

As y|z is normally distributed, using Sylvester’s determinant
identity and the Sherman-Morrison formula to compute the
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determinant and the inverse of the covariance matrix ¥, := Maximizing the expectation function Q acts as a proxy for
x,x. + oI, we find the conditional density maximizing the log-likelihood and guarantees the following
1 (yTx )2 improvement (see (3.10) in [16]):
potyls) = ———exp [ (117 - 220
(271—) 202 HXZ||2+O'2 3) 1np9(y17"'7yn) _lnpﬂm (yla'“vyn)

—% In(|[x.||? + 0%) — (d — 1) hw] : > Q(6;6") — 9(6"; 61").

In other words, at every step, the log-likelihood improves by

where the subscript 8 indicates that a density is determined by ¢ Jeast as much as the Q function. Precisely, the M-step is

the parameter vector. With N observations yi,...,yy from
(1), the log-likelihood corresponds to o' = argmax Q(6;6)
( ) 0 st X € R4
Yi Xk m >0 . (5)
1np9(y1a'~-ayN In Tk €Xp { e 112 1 -2 k=
2 Z 202 ||XkH2+O'2 Zle 7Tk = ].
1 o€ R+
—=In(|lxx||* + 02) — (d — 1) lna] +C,
2 To solve this, we instead look at the less constrained problem
where we use pg(y1,...,¥YN) = Hf\il pe(y:) and exploit o'+t = argmax  Q(6;6")
and (3). The constant C'is independent of 6. Note that one can 0 st ZK =1 (6)
only hope to recover the vectors X1, ...,Xx in the model (1) ' k=1

up to a sign change since it suffers from an intrinsic symmetry.  and verify that a found 8" satisfies the missing constraints.
Technically, it is thus non-identifiable [15]. Indeed, for two  The solution of this less constrained M -step is, by the Karush-

sets of parameters, € and 6, that are the same up to a sign  Kuhn-Tucker conditions, a critical point of the Lagrangian
change in front of the x;s we have:

K
pel(ylv" 7yN) :pez(y17"'>y1\7)' L= Q(e’e[t]) +>\ (1 B Zﬂ_k) .
The expectation-maximization (EM) algorithm [16], originally =

developed by [Dempster et al in [I977, is a common approach In what follows, we find a critical point of this Lagrangian:

to finding a candidate maximum likelihood estimate of 6. It is oL oL oL L oL oL
i i i [t] — — ey ey ——y—=— | =0 7
an 1terat1vE: proAcedure Ehat 152 made up of .two steps. Let 8% = ( 0%y Ooxk om U Ong 0o’ O )\> (7)

{%1,...,%XK,1,...,7K,62} be the estimate of @ at step ¢.

The first step, called the expectation or E-step, computes In order to simplify the notation for Q(6; B[t]), and thus L,

i . we define the following for all e € {1,..., K}:

P = po(zly;) Vie{l,...,N}, ze{1,...,K}. 8 { }
Using Bayes rule, we have A, = meyiy-T c Rixd (8)

Pote) (il 2) T2
(z|yi):ZK g (yilz = k) . N

k=1 pe[f] yl k ’-Ye = Zp[el] c R, (9)

Using (3) and simplifying the terms that cancel in the numer-
ator and denominator, we get | |

’ /3[” Y = y|1 y|N e RN, (10)
P = poui (2lyi) = —e——7, Where
> k=1 PE;]

With this and the fact that Zszl pg] = 1 for all 7, we can

s A 1 (yFfx.)? 1 . A rewrite Q(6; 0M) as
pg] = Ty €XP (2AA&2 _§IH(|‘XZH2+U2) .

o2 1% 1> +
Y xFApx
The second step, called the maximization or M -step, computes Q(6;6) Z Y Inmy — ”2 JLF 202 Z ka||2 l:_ 22
6" by finding the feasible # maximizing
1
Q(6;0) ~3 Z’yk In(|[xx]|? + ¢?) — (d — 1)N In(0)
N
= 2 Benpyiytivo Inpo(yi 2) ~ N en). (11)
i=1 2
N K (yTxz)2 “) o .
ZZPZ] {ln (1) < vill% - Yi Xk > a) Derivatives with respect to 7, for e € {1,..., K}
= x| + o The condition in (7) is reached when
1 d
L n(fxl? + 02) = Ein(@r) - (d— 1) In(o) ] . 9L _ e\,
2 2 on, Te
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or, equivalently, when

1
)\:776

Te

Vee {1,...,K}. (12)
Using (12) and the constraint Zk 1 ™, = 1, which follows

from the cond1t10n =0 in (7), we find

o N
1—2” Py

which gives A = N, and

Ye
N
We note here that 7, from (I3) is indeed in the range [0, 1].

b) Derivatives with respect to x. for e € {1,..., K}

We now expand the first condition in (7). The derivative of
the Lagrangian w.r.t. X, is

Vee {1,...,K}. (13)

Te =

oc 1 2([1xell? + o) Aexe — 2(xF Acx,)Xe
Ox, 202 (|xe||? + 02)?
YeXe
[[%el[? + o2

Setting it to zero and rearranging the terms, we get
T
x,; A.x
A.x, = [ eteXe
[[xcl? + 0

We distinguish two possible cases:

+ 02%> Xe. (14)

o cither x. is the zero vector, and this is trivially satisfied,
e Or X, is different from the zero vector.

In the latter case, (I4) means that x. is an eigenvector of A,
with eigenvalue A.:

Acx, = AeXe. (15)
Projecting onto x./||x.||?, we find

I Ixel? + o

[ %e
Substituting (T3) into this equation, we get

2
)\e — )\ ||X€H

2
e er||27+ o2 + 0 e,

which simplifies to

Xe = ([xell* + 0%)7e Vee{l,...,K}.

Thus, when x. # 0, the critical point in satisfies
Ae 9

x> = == — o
€

Vee{l,...,K}.  (16)

c) Derivative with respect to o
Finally, we expand the third condition in (7). The correspond-
ing derivative is

X Akxk
vip- A3 kb
755 2 Tl o2

(d—1)N
Z ||ch||2+<72 o

oL 1

XgAka
90~ o3l

1
o kzz:l e+ 072 Q6:6") =

Setting the prior equation to zero and multiplying by o3, yields

o?(d—1)N
Xk Aka
”Y”F Z ||X HQ_’_O_Q
K T
2 X ArXp ol
— 0
,; (x| + 02)2 Z ||xk||2 + 02
XTAka
=Y[E - > * Z Ve
Xk

1 xTALx

2 k kA 2

-0 g + o .

. [xx[* + o2 <||xk|2+02 7'“)
,.xk;éo

By rearranging the o2 terms, replacing 7, in the last term with
(T6), and using the eigenrelation (I3)) twice, we get

? l(dl)N+ Z %]

k:xr=0
XTAka )\k
— Y2 — k 402 >
Y13 2 (||Xk|2+02 A
2, 2
+o
= Y2 - b M b ; )
1Y% kz;éo < Flxell? + 02 y using (13)
Xk

This gives a final expression for o2
2

_ ”Y”I% - Zk:x;ﬁéo Ak
(d - 1)N + Ek:xkzo Yk

= N_Zk:xk:O Tk

. K . .
Since Yy _; ye = N implies >, Yk
we can rewrite the expression for o2 as
YIS — k0 M
dN — Zk:x;ﬁéo Tk

In Lemma [A.T] of the Appendix, we show that estimate (17)
of o2 is indeed positive.

2:

7)

In sum, the equations for critical points, Vk € {1,... K}, are:

i from (13)

N
ith =0
{ either x;, from (T3), (T5)

or Akxk = /\kxk, A (‘)’2

i 2 = 22

S = {k € [K] s.t x, # 0}
Y = D hes M
dN — ZkES'Vk

Now that we have established the equations that characterize
critical points, we will analyze which critical point maximizes
Q(8, BM). After a series of algebraic reformulations provided
in Appendix we find that for a 0 satisfying the equations
of a critical point, the expression of Q simplifies to

A 1 ||Y||12~“ - Zkes Ak)
C— = |dN — In -
2 [ Z%] ( AN =3 kes Mk

keS

A (E)

keS

o? =o?(S) =

from (17)
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with C' a constant independent of 6. Taking the derivative of
the previous expression with respect to A\ for k € S we see
.ot
%20 — 02(S)§ﬁ.
O, Vi
For a \j(Ay) satisfying (I8), we know that any Ay, > A;(Ay)
also satisfies (T8)) since it decreases o%(S) and it increases
% From the equivalency in (T8), this means that Q(6; 8!"))
is increasing on the set [A;(Ay), A1 (Ag)]. As a result, picking
A = A1(Ay) for all k£ maximizes Q.
We are now left with picking a set S that maximizes the func-
tion Q(8;60") or, equivalently, that minimizes the function

g(S) = [dN -3 'yk‘| Ino®(S)+ Y ykln (;:) .

kes keS

(18)

We note that not all sets .S satisfy the critical point equations.
Indeed, for k € S, the associated eigenvalue A, must satisfy
% —0%(8) > 0. Therefore, we call S C [K] a valid set when

a?(9) < . Vk € S.
Yk

We will denote by V the set of all valid sets:
V={SCIK]|VkeS:o*S) < \e/Ww}-

Note that V' is never empty since it contains at least the empty
set for which the condition is trivially satisfied. The optimal
set S* is given by

S* = argmin ¢(5)

Sey

A naive procedure trying all possible valid sets would take
O(K2%). In Appendix [B| we provide a O(K?2) procedure.

Algorithm [I] summarizes all operations performed by the
EM optimization to fit a K-spiked mixture model. Standard
convergence results for the EM algorithm can be applied to
our algorithm. For details, see section [G] of the supplementary
material.

ITII. COMPARISON WITH STANDARD GMM
We now compare our SMM method to a GMM-based ap-
proach. Since our model is a constrained Gaussian mixture
model, we can use a standard GMM to estimate the covariance
matrices, yielding $1,..., Sk, If this recovery is successful,
we expect the following relationships to hold (albeit up to a
possible relabeling of the xgs):

Sk = xpx} + 021 vk € [K].

Once the covariances are estimated, we can extract the x;s by
solving the following optimization problem:

min Yy I1Zk = (ki +670) |12

. (19)

& & ~2
X1y... 3y XK,0

Let A\;(3j) denote the i-th largest eigenvalue of %; and
v;(34) its associated eigenvector. Lemma in appendix
shows that whenever the condition

L e s Ni(S)
M) = =EEEE

Vj € [K] (20)

Algorithm 1 EM fitting of a K-spiked mixture model

INITIALIZATION :

2
Xlyeooy XKy Ty

B TK,O

REPEAT UNTIL CONVERGENCE:

E-Step:
fori=1,...,N,e= 1,..T.,I§
pil = e exp | g 2 — S n(lxe|? +0?)
[ _ _ 5
e = S
M-Step:
fore=1,...K:
N i
Ye = Zi:l p[e]
Te = Ye/N

Ac=2X pllyiyT
e, Ve largest eigenvalue/vector pair of A,
Find optimal S:
o(8) = [IIY[IF — Xres Ml /(AN = 3pes )
V={SC[K]st VkeS:0%S) < \e/Ww}
g(S) = [dN — > kes %] Ino?(S) + > okes Ve In f‘y—:

S* = argming,, g(5)
0% = 02(5*)
fore=1,...,. K :
ifeec 5™
Xe = 4/2= —02.v,
’YE
else:
X =0

holds, the solution to (T9) is given by

K A
1 tr(Xg) — M (2
Onm = 2= D ) = ) k)d—ll( 0, 21
k=1

XGMM, k = \/(Al(ik) - G%MM> vi(Zr) VkelK]. (22)

Note that the requirement in (20) can be thought of as a large
enough spectral gap for the leading eigenvalues of >, and it
has been checked to hold in all the following experiments of
this section.

In what follows, we compare the performance of SMM and
GMM-based recovery on a synthetic datasetp_-] Specifically, we
choose K = 3, and sample fixed (starred) parameters:

0 = {x}, ... X w02 )
K

e 0,1, > mi=1 (23)
k=1

o e R;.

Given these parameters, we generate N = 1500 samples,
¥1i,--.,¥nN, according to the model in (I)), and we do this for
two different noise levels: 2 = 0.01 and 02 = 0.5. Our goal is

'We remark in passing that this setup models, e.g., a random access SIMO
channel, where various sensors with one antenna sporadically transmit a
symbol to a base station with many antennas at random times. The algorithm
blindly estimates both the channel vectors xj, and the symbols a.
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Original data, N =1500,K=3

15

SMM estimation
T

GMM estimation
T

1.5
\\ 1 \\ 1
\ 1 \ 1
AN \ “\ \ Ground
1.0 Ny A 1.0 Ny Truth
\Xo A X3 X3 . )21 u
1 2 —
— X
0.5 0.5 xs
0.0 4 0.0
—054 _05 4 Estimation
—
1 1
1 N, 1 S,
-1.0 1 \ N -1.04 \ N
1 \\ ) \\
\ \ \ .
. r : r . -15 : " — — -15 ! !
-4 -2 0 2 4 -1.5 -1.0 -05 0.0 0.5 1.0 1.5 -15 -1.0 -05 0.0 0.5 1.0 1.5
H 2
(a) Low noise o= = 0.01
Original data, N =1500,K=3 SMM estimation GMM estimation
1.5 ~ T 1.5 N T
N\, \
\ 1 N 1
AN \ N ‘e | Ground
1.0 A AN 1 X2 1.0 1 Truth
1 1
Al 1 — X
— X,
0.5 0.5 xs
0.0 4 0.0 4
X1
—o54 _05 4 Estimation
—
| \\X3 \ .
-1.01 1 AN -1.01 [ i
1 \\ ‘I \\
1
ll \\\ l‘ \\\
-1.5 -1.5 T T T . T

T T T
-1.0 =05 0.0

N
s

T T T
-4 -2 0 =15

T T
0.5 1.0 15

=15

(b) High noise 02 = 0.5

Fig. 2. Comparison between recovery by GMM versus SMM. The comparison is made at both low noise (62 = 0.01) Za) and high noise (02 = 0.5) (25).
The fixed parameters are: x1 ~ [0.75, —0.91], x2 = [0.08, —0.75], x3 =~ [—1.01, —1.08], m1 ~ 0.58, 72 =~ 0.37, 73 =~ 0.05.

to assess how the noise level affects the accuracy of recovering
the true signal vectors x;, X2, and x3 using SMM and GMM.
We emphasize once more that, due to symmetry, the recovery
of xy, is just as likely as the recovery of —xj. The results are
shown in Figure [2] While in the low noise case (Figure [2a)),
the performance of SMM and GMM appear to be similar,
we see a clear difference for the high noise case (Figure [2b).
In this regime, the accuracy of both methods decreases, but
GMM only finds one vector, x;, and produces a third estimate,
which is a mixture of two ground truth signals. On the other
hand, SMM delivers three clearly separate directions without
the ’collapse’ of estimates we see in the GMM case.

To quantify SMM’s performance versus GMM’s, we con-
ducted two experiments. One compares the methods’ noise
estimation performance, and the other compares the distance
of the estimated signals, X = {&k}le, to the true ones,
X = {x}}&£ . The supplementary material, section @ fur-
thermore contains an empirical experiment that suggests that
the convergence speed of both algorithms is similar.

A. Noise estimation

We conducted signal recovery using both methods on syn-
thetic datasets with a known ground truth noise variance o2,
repeating the process across 10 different noise levels in the
range [1, 30]. Figure [3|shows the results of SMM’s and GMM’s
noise variance estimation compared to the ground truth values.

While both methods tend to underestimate the noise variance,
the bias is significantly larger for GMM than for SMM.
Additionally, the norms of the estimated X decrease as o2
increases (see ,), leading to overestimated norms for
both methods. This overestimation is notably more pronounced
in the GMM case, which further exacerbates its bias.

B. Signal estimation

To assess the fidelity of recovered signals, we performed
estimation on a synthetic dataset with parameters N = 1500,
K =3,d=5,and 02 = 1.5. The ground truth signals x were
compared to their estimated counterparts X using the squared
Euclidean and absolute cosine error distance metrics:

. o112
dsge (%, X) = [|x — %]|3,
. |xT§c|
aps cos(X X) =1

o EREE
The squared Euclidean distance, dyg(x,X), depends on
the norms of x,X, while dyps cos(X,%X) does not. Since
Section highlighted a bias in the estimated norms,
dabs_cos (X, %) was included for its invariance to such bias. To
quantify the overall discrepancy between the set of estimated
signals X and the set of true signals X', we used the Hausdorff
distance. For a distance metric d(-), the Hausdorff distance
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Estimated variance of both methods
averaged over 10 repetitions

30 1 —&— GMM
—&— SMM
— y=x
251

Estimated o?
= N
G 1S3

[y
o
1

0 5 10 15 20 25 30
True o2

Fig. 3. Comparison of SMM’s and GMM’s noise variance estimation versus
the ground truth value, at 10 different noise levels equally spaced in [1, 30].
At each noise level, 10 replicate datasets with different underlying signals are
generated using /N = 1500 samples and the parameters d = 5 and K = 3.

between sets X' and X is defined as:

sup d(x, )?), sup d(X,x) | , where
XEX xEX

d(x,X) = inf d(x,%) and d(X,%)= inf d(x,%).
xeX xXeX
The results in Figure [4] show that the Hausdorff distance be-
tween estimated signals X and true signals X" is substantially
smaller for SMM compared to GMM, regardless of whether
doge (X, X) OF dabs_cos (X, X) is used. These findings suggest that
SMM achieves more accurate signal recovery than GMM.

dyg (X,?E') ‘= max

IV. APPLICATIONS

We demonstrate EM-based fitting of a SMM in two practical
applications. Given (I)), the SMM is particularly well suited
for measurements in which an observation is underlain by a
relative signal, this signal is randomly scaled to an absolute
signal by a process not under the control of the measurer, and
the observation is also perturbed by external noise. Although
this might seem rather particular at first, it is a remarkably
common signal structure carried by quite different measure-
ment types in different domains. For example, a biological cell
has a particular relative abundance profile of the molecular
species it contains. When measured by mass spectrometry, a
mass spectrum can report that abundance profile, but measured
absolute intensities will be scaled by the chemical matrix, i.e.,
the overall chemical environment present at that measurement
location. Similarly, a sensor aimed at an object to record its
color can report an electromagnetic spectrum profile, but that
relative profile can be randomly scaled, e.g., by atmospheric
circumstances, before it reaches the sensor.

Here, we test SMM-fitting on an imaging mass spectrometry
and a hyperspectral imaging dataset. Specifically, we use SMM
to recover underlying molecular signatures from noisy IMS
measurements of a rat brain tissue section, and to estimate

Hausdorff error evolution through time,
averaged over 100 repetitions

7 A —e— error GMM
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Fig. 4. Comparison of SMM’s and GMM’s estimated signals versus the
ground truth signals, using a synthetic dataset with N = 1500, K = 3,
d=05,02 =15 m =~ 062, 73 ~ 0.22, and 73 ~ 0.16. We repeat
the experiment for 100 different initializations of both methods and report the
average error at every iteration. The Hausdorff distance between the estimated
vectors {%), }X_| and true vectors {x;}%_,, for both the squared Euclidean
distance and the absolute cosine distance, is consistently smaller for SMM
compared to GMM, suggesting better signal recovery in the SMM case.

underlying color spectra from the HSI measurement of a scene
picturing the Statue of Liberty. In both applications, feature-
wise min-max normalization is employed to ensure all features
have equal weight.

EM is typically focused on estimating subpopulations of a
dataset. However, the E-Step also computes responsibility
variables pg] that tie an observation ¢ to a subpopulation k, and
that can be used to implicitly cluster the data. As clustering
pixel measurements is equivalent to segmenting an image,
we can use the implicit segmentation results to assess the
quality of the estimated subpopulations (or spikes) by means
of their corresponding image segment. In these examples, we
choose to cluster according to maximum probability. Namely,
an observation ¢ € [N] is associated to cluster ¢;, where

¢ = argmax p([j].
c€[K]
Furthermore, we compare SMM’s clustering results to ones
given by traditional methods such as GMM and k-means
clustering (KMC).
Note that at every step of Algorithm [T, we need to compute
matrices Ay = ZZI\LI p‘[f] yiyi,Vk € [K]. Without paralleliza-
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Fig. 5. Rat brain IMS dataset. (top-left) A transverse section of rat brain tissue was analyzed using IMS (analysis area outlined in pink). (right) Three of the
843 ion images acquired, showing the spatial distributions of ion species corresponding to m/z 592.375, 693.455, 834.529. (bottom-left) An example mass

spectrum (peak-picked) acquired at a single pixel, reporting 843 m/z features.

tion, this takes O (V) and can significantly slow down the full
algorithm. The following lemma shows that the process can
be sped up using an approximate matrix Ay, preserving the
leading eigenvalue up to a controlled precision.

Lemma IV.1. For every § > 0, let 7 := 0 /||Y||%. The matrix

N
A, = Z pg]yiy;—r satisfies  |Ai(Ay) — M(Ay)| < 6.
i—1

’L.
pRI>T

The proof of this lemma uses Weyl’s inequality and is provided
in Section [A] of the Supplementary Material. Note that for
7 > 0 large enough, computing A}, is much faster since we
only need to sum over the indices ¢ satisfying ,o[eZ ] > T,

A. Results on imaging mass spectrometry

Imaging mass spectrometry (IMS) [17, [18] is a molecular
imaging technique that combines spatial mapping with (mass)
spectral analysis. It offers detailed chemical maps of samples
such as organic tissues or biofilms, measuring the distribu-
tions of hundreds of molecular species throughout a defined
measurement region. An IMS measurement can typically be
considered as a 3-mode tensor (two spatial modes and one

Rat brain IMS Salient HSI
Image size (pixels) 1404 x 408 1024 x 728
Nr. of spectral bands 843 81
Spectral range [403.245,1573.905] Da | [380, 780] nm
TABLE I

DATASET SPECIFICATIONS

spectral mode), where every entry reports the ion intensity
at a specific spatial location and a particular m/z value. It
provides a (gray scale) ion image for each recorded m/z
value, visualizing where the compound corresponding to that
m/z value is located in the sample. Each pixel implicitly
records a full mass spectrum or m/z profile, revealing which
molecular compounds are present at that particular location.
Since prior labeling of compounds is not required and a single
measurement simultaneously reports hundreds of molecular
species, IMS has become an important imaging modality for
the molecular exploration of the content of biological tissues
and for elucidation of disease-related mechanisms.

In this study, a transverse section of a rat brain was measured
using Quadrupole Time-of-Flight (QTOF) IMS. After prepro-
cessing (Supplementary Material, Section [E), we obtain an
IMS dataset with the specifications listed in Table [} Figure
shows three of the 843 ion images in this dataset, which depict
the distributions of three different molecular species, alongside
an example mass spectrum acquired at a particular location,
reporting localized abundances for 843 distinct ions there.
Figure [6| compares the clustering outputs obtained by SMM-
fitting, GMM-fitting, and k-means clustering, all for £ = 12
(results for other k in the Supplementary Material). Given that
many of the ion images are relatively noisy (see m/z 592.375
and 693.455 jon images in Fig. [3), the results demonstrate
SMM’s ability to retrieve signals in low-SNR environments.
The potential of SMM-based signal recovery is particularly
illustrated in the highlighted areas of Fig. [6| where SMM is
able to recover biological patterns that are missed by other
methods. Specifically, in region 1 (the cerebral cortex), SMM
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Fig. 6. Clustering results on the rat brain IMS dataset with &k = 12, for
SMM, GMM, and kKMC. These results demonstrate SMM’s ability to retrieve
signals in low-SNR environments. (region 1 — cerebral cortex) SMM discerns
a biological subdivision of the cortex layers that is known to exist, but that is
missed by GMM. (region 2 — cerebellum) SMM exhibits less susceptibility
to noise than kMC.

provides a subdivision of the cortex layers (e.g., molecular,
granular, pyramidal, and multiform) that are known to align
parallel to the surface of the brain, but that is missed by GMM.
In region 2 (the cerebellum), SMM delivers sharper delineation
of key anatomical structures (e.g., white matter, molecular
layer, and granule cell layer) and exhibits less susceptibility to
noise than kMC. While we do not claim that SMM is superior
in all cases, the difference in performance in this example is
substantial enough to consider this method. Furthermore, in
Fig. in the Supplementary Material, we compare the esti-
mated subpopulation spectra {Xj}_, for SMM and GMM.
The signals estimated by SMM seem closer to real mass
spectra than GMM-estimated signals. For example, IMS data
is inherently non-negative. Without explicitly imposing non-
negativity, SMM-recovered signals are largely non-negative
and more similar to real mass spectra than the GMM-recovered
signals, which exhibit substantial amounts of negative values.

B. Results on hyperspectral imaging

Hyperspectral imaging (HSI), like IMS, provides both spatial
and spectral information, albeit of a different scale and nature
with HSI reporting electromagnetic wavelengths. This study
uses the salient object dataset introduced in [19], which con-
sists of hyperspectral images of well-known objects captured
under various spectral conditions. The dataset was designed to
evaluate the performance and robustness of models in detect-
ing and segmenting salient objects. However, we leverage it
here because the imaged objects are familiar to most readers
(e.g., the Statue of Liberty, Fig.[7), enabling easy interpretation
of what constitutes an improvement in segmentation. Details

Fig. 7. RGB reference image for the HSI dataset [19].

of the HSI dataset can be found in Table [}

As in the previous section, Figure |3_§| compares SMM, GMM,
and EMC results for £ = 10 (results for other k in the
Supplementary Material). Figure[7] provides an RGB image for
reference, with three regions of interest highlighted: the torch
and flame, the tablet in the hand, and the metal railing in the
foreground. All three reveal noticeable differences between the
methods, described in the caption of Fig.[§] In these examples,
SMM exhibits a remarkable ability to discern details that
GMM and kMC might not differentiate and instead view as a
single signal. The estimated signal spectra are also provided in
Fig. [10a) of the Supplementary Material. While SMM fitting
was not initially intended as a clustering method, its ability
to differentiate signal subpopulations that are not discerned
by approaches such as GMM and kMC is a testament to its
ability for robust signal recovery in a noisy environment.

V. CONCLUSION

We introduced the SMM and a corresponding EM algorithm
as a new method for signal recovery. Although it is more
restrictive, for data types where the SMM applies, SMM
offers substantially better recovery than GMM in low-SNR
regimes. While this paper makes a comparison to the standard
GMM, one potential future direction could be to compare
to more robust versions of GMM [20]. Applications to real-
world IMS and HSI data demonstrate more accurate signal
recovery than with traditional methods and provide a powerful
spatial clustering method, lifting data features from the noise
that might otherwise go unrecognized. Another interesting
direction for future work could be to generalize our results to
settings where the noise and the random scaling distributions
have heavier tails, such as the Student’s ¢ or generalized
hyperbolic distributions, which may enhance robustness to
outliers. Such a model could construct an even more robust
finite mixture model [24].
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Fig. 8. Clustering results on the HSI dataset with k = 10, for GMM (left), SMM (middle), and kMC (right). These results demonstrate SMM’s ability
to discern different underlying signals. (torch) SMM separates the flame from the torch handle and, unlike GMM and kMC, avoids the ‘halo’-type signal
surrounding the torch and flame. (tablet) The tablet is recovered by SMM as a signal distinct from the building behind it, while GMM and £KMC both exhibit
spill-over between the tablet and building signals. (railing) kMC has difficulty discerning the railing from other dark areas such as the foliage, while SMM
and GMM successfully separate the foliage and railing signals. SMM furthermore surpasses GMM in delivering more railing sub-signals, separating out areas
with differing amounts of sunlight and shadow (see RGB image in Fig. |Z|f0r reference).

APPENDIX A
PROOFS OF SECTION

Lemma A.l. For fixed values of pg] and S C [K], the
estimated variance of the noise

Y|z - A
= YTl = 2hes M is positive.

AN = > pes Tk
Proof. For d > 2, the denominator is positive since
> kes Yk < N. For o2 to be proven positive, we only need to
prove that the numerator is positive. Since Ay > 0, we get:

2

)\kgtr(Ak) VkE{l,,K}
Z Ak < Ztr(Ak Summing over k € S
kes kes

K
<> u(Ag) S C [K],tr(Ay) >0
k=1
K
=tr|Y Z diag(pr) YT Using Ay, from (B)
k=1
= tr (YIYT) Vie | Z ol =
=Yl

O

A. Expression of Q(0; 0[t]) at a critical point
The following intermediate steps allow simplification of the
expression of Q(6;6") at a critical point 6. In Section

equations for a critical point were obtained Vk € {1,... K}:
T = 7V—k 24)

{ o?t;lf: :kxsz’ l[x]|2 = /7\_: 52 (25)

y YT = o M ”

dN — Zk:xk;«éo Tk

Using (23) and adding a zero, for x; # 0, we get

x;fAkxk _ Ixx|* + 02 — o2
[[xx|[* + o2 [xx[* + o2
Ak
=X —02— " =N\ — Py, (27
k—O elE £ o2 k=0 Yk (27)

For 0 satisfying (24), Q(0; G[t]) in (]E[) can be written as

YH X Akxk
0.0 —c | R
(6;67) 202 202 Z |x%]]? + 02
K
1 -1
I el %) - 4 N i),
k=1
where C' = Zszl Yk In 2 — X In(27), a constant indepen-
dent of 6.
Using (27) and 23), we can simplify further:
Q(:6')
Y&, 1
=C—--—" A —
552 Tt 5.2 kz;éo[ k— 0 k]
Xk
1
~3 Z Yeln 25 — = (d—1)N + Z Y | Ino?
k:xp#0 kixp,=
1 ) 1
=C-53 VIR = > M ~5 > nm
k:xp#0 k:x #0
- = Z ’ykln— ——|[(d=1)N+ Z Y | Ino?.
kxk;tEO k:xp=0

Using (26) and S>5 | 4 = NV in the last term, yields

Q(6; 6™
1 1
=0~ |dN - Al -3 A
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1 A 1
1S kg
2k::xk750 Tk 2

dN = > | Ino®
k:x;#0

dN

Finally, denoting Cy = C' — %, we get

1
Oy — =

Q(0; 6!y = 5

dN — Z e | Ino?
k:xp#0

APPENDIX B
GREEDY OPTIMIZER FOR CRITICAL POINT
We show that a greedy optimizer solves the optimization
problem

S* = argmin g¢(S)

Sevy (28)
HYH% - Zkes Ak
CZN_X:keS'Wc 7
Y = X hes M
dN — Vi ln< £
>ofn (TR

+Z’ykln< >

kes
V={SC|

with  o?(S) =

[K); Vk € S :0%(S) < Mo/} -

Lemma [B.T] guarantees that removing elements from a valid
set only increases the objective function of (28).

Lemma B.1. For S C [K] and j € S where o*(S) < X\;/v;,
9(8) < g(S\{7})-

Proof. From the definitions of o%(S) and 02(S\ {j}), we find
o (S\ PN — Fpes W + 0l = A
dN — Zkes Yk

We will show that g(S \ {j}) — ¢(S) > 0.

9(S\ {5}) - 9(5)
[dN >+

keS

- [dNnyk

kes

dN—Z%

kes
+7;na?(S\ {5})

we have:

o?(S) = (29)

Ino?(S\ {j}) +

Z 7k1n7

keS\{j}

Ak
Ino?(9) — In —
(S) = o

kes

] RCACAR T NP Y,

o%(S) T

O'Q(S) )\j

o _dN_ZkeS'YIc 0 I
‘”( R D R AN T

Using (29), we find the following relation:
02(5) . (dN*Zkes”Yk)/’Yj+1*/\j/(02

(s\ 5h)”

To simplify notation, we introduce two quantities:

a;:wz()’ b::%zm
Y v02(S\ {7})
) a%(S) a+1-10
leading to — = )
£ 2(5\ {7}) a
ond 98\ {jH) —9(8) _ _  atl=b | o
Vi a

We now show that the right-hand side quantity is positive.
Using 1+ b < exp(b), we find that 1 + In(b) < b. Thus,

1-b
Inb) <b—1=-a .

(30)

a
Using again for z > —1 that exp(z) > 1+ 2, and so that
z > In(1 + 2) with z = 1T_b, we get:

1_b21n(1+1_b>:1n(a+1_b>.
a a a

1— 1—
b i (“+ b) .31
a a

1-0
and, combining (30) and BI), In(b) < —aln (CH_> .
a
This shows that —a In (%Hj) —In(b) > 0 and, since y; > 0,
that  g(S\ {j}) —g(5) = 0. O

Lemma B.2. There exists a solution S to @8) that meets the
conditions of a saturated set:

Since a > 0, we get — a

Sey and,
o?(8) > % Vje K]\ S.
J

Proof. Since V is a finite set, there exists a solution to (28).

Let S be a solution to (28) that is not saturated. This means
that S € V, and there exist j € [K]\ S such that

DY

o?(8) < L.

Vi

From the definitions of 02(3) and ¢2(S U {j}) we know that

() [AN = Fpesm] = A
dN — ZkeS Ve — V5

Rewriting (32) as \; > 02(S)y;, and replacing it above, we
find:

(32)

*(SU{j}) =

; 2(8) [AN = Spes 1] — o*(5) 5
25U <2 ke L= 02(5).
Sulin < e ()
. 2/ & . /\k A
This shows that: c(SU{jh <— Vk e S,
Yk
a2(SU{j}) < % from (32).
J

It thus follows from the definition of the valid sets V' that
SU{j} € V. Using Lemma we find that g(S U {j}) <
(S). Moreover, since S is a solution to (28), we must have

o2 (S\{j}) (AN = > kes W)/

g(S U5} = g(9),
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meaning that S U {7} is also a solution. We can recursively
apply this reasoning on SU{j}. Since S C [K], this recursion
must end, at which point we get a saturated solution. [

Lemma B.3. There exists a unique saturated set.

Proof. Suppose for the sake of contradiction that there exists
two different saturated sets Sq, S € V. S being saturated, it
satisfies the following inequalities:

Ak

o?(8) < == Vk € S, (33)
Yk
Ak
o%(8) > 7—" Yk € [K]\ Si. (34)
k
Similarly, for S; we have:
A
o%(Sy) < =8 VE € Sy, (35)
Tk
A
0%(S,) > £ VEk € [K]\ Ss. (36)
Tk
Without loss of generality, assume o*(S1) < 0?(S2). (37)
Combining with (33), we find:
A
o?(S1) < =5 Vk € Ss.
Tk
Using (34), this means that : Vj € Sy : j ¢ [K]\ Sy, or

equivalently, that Sy C 57 (the strict inclusion comes from
the assumption S; # S2). We deduce the following relation:

02(52) [dN - ZkGSQ ,yk] - Z:j€S1\Sz )\J
AN =3 pes, e = 2jesi\s: Vi

From (B6), we know: \; < 7;0%(S2) for j € Si\ Sa.
Replacing this in (38)), we find

0'2(51) = (38)

9 02(52) [dN - ZkeSQ Wc] - 02(52) Zjesl\52 Vi
o (51) >
dN — ZkGSQ Ve — Zjesl\SQ Vi
= 0'2(52).
This contradicts (37). O

From Lemma[B.2] we know that there exists a solution to (28]
that is a saturated set. Moreover, we know from Lemma
that the saturated set is unique. This means that the saturated
set is a solution to (28). Algorithm [2] is a greedy algorithm
finding that saturated solution in O(K?).

Algorithm 2 Greedy set optimization for

INPUT:
)\1, ey )\K,'Yl, ey YK ||Y||%
INITIALIZATION :
S=10
L =[K]
WHILE L # (:
o(8) = [HYH% - Tles ] /0N = Tyesm)
L= {k’E J\S st o?(S )S)\k/%}
Choose any k* € L
S =SuU{k*}
OUTPUT:
S

At every step of algorithm 2] the set S is a valid set. This can
be seen by induction. For S € V, and k* € L, we have:

02(8) < Nex /Yir s and thus, (39)
2(SU k) = T kes
( ) dN — Zkes Ve — Vi~
a?(S) [dN— > kes 'Vk] — () vk — 02(5)
- AN = 3 pes Ve = Trr

Using that S € V, and (39) we find:
s
c2(SU{k*}) <= vjes, and
Vi
A *
a?(SU{k*}) < 2K showing that S U {k*} is also in V.
Vrx
Algorithm [2| must terminate since set L decreases at every
step. When it terminates, set .S is saturated since L is empty.

APPENDIX C
PROOF OF SOLUTION TO GMM RETRIEVAL
Lemma C.1. For A1, ... Ak, K symmetric matrices in Rdxd
and x1,...xXg € R we have the following:

Z Ay — xpxp |2 > ZZAZ (Ar),

k=1 1i=2

(40)

where \i(Ay) is the leading eigenvalue of Ay. With uy, the
eigenvector associated to A\1(Ay), @O) holds with equality
whenever, for all k: A\ (Ay) > 0 and x, = \/\1(Ag)ug.

Proof. Expanding the negative of the left-hand side, we find:

K

K
> AR —xexp B =D —tr(A7) + 2x3 Agxy — [[xi]| .
k=1 k=1

Combining this with x] Apx, < A1 (Ag)||xx|? for A1 (Ag),
the leading eigenvalue of Ay, we find :

K
= Ak — xix)[F
k=1

<D M AR xall® — [x]l* — (A7) (41)
k=1
K
=D [~ (Ar) = [xl?)? + AT (Ag) — t(AD)]
r K
<Y [AHAR) —w(AD] = =D M (A (42)

k=1 k=1 :=2

Note that (1)) holds with equality whenever xy, is a rescaled
eigenvector Ay with eigenvalue A\ (Ay). Also, the inequality
in can only hold with equality whenever A\;(Aj) > 0,
and ||xx]|?> = A1 (Ag). O

Lemma C.2. Let ﬁ)l, ey S € R¥%d pe symmetric positive
semi-definite matrices, such that

Yohe Sy Xi(3)

M) 2 K(d—1)

vj € [K], (43)
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where )\Z(flk) is the i-th largest singular value of Sx. The
solution to

. K e oA .
min Sy 12k — (xkxg +62I) ||3 | (44)

X1y y XK, 0O

1r(3k) — M (k)
then is oy = Ve kzzl S S E—

XGhh = \/(Al(ﬁlk) - agMM) vi(Sk) VEk € K],

where v1(3y,) is an eigenvector associated to My (2y,)

Proof. Using Lemma for Ay, := 3, — 021, we find

K K d
DI — (RaXE 0 72D D N (B —0’T) (45)
k=1 k=1 1:=2
K d
=D > (ER) =)’
k=11i=2

We find the o2 that minimizes the previous equation by setting
the derivative to zero. This leads us to

K - .

o2 POMRD DEPY _1Ztr2 Ek)
GMM — K(d _ 1 Pt °

Condition (@3)) implies that 02,5, < A1 (Zk) vk € [K],

and thus that

Finally, we know from Lemma [C.1] that (43) is tight when
(k) vk € [K].

O

X = XGMM,k = — 0Gmm V1(Zk)
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APPENDIX
SUPPLEMENTARY MATERIAL

A. Proof of Lemma
Proof.
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Weyl’s inequality
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B. Hyperparameters specifications

In many iterative algorithms, sieving is a popular technique
to improve efficiency by removing runs that appear irrelevant
or suboptimal as the algorithm progresses. In the context of
EM, this consists of repeating the procedure multiple times
for different starting points, finding a starting point’s maximum
likelihood each time, spending more resources only on the best
candidates, and finally retaining the best one. More precisely,
in our SMM-fitting cases, we carry out a two-stage approach
in which we first perform d; (pre-sieving) iterations of EM
for n, different random initializations. Of those n; pre-sieving
starting points, we select (or ‘sieve’) no of the best performing

Synthetic | Rat brain IMS | Salient HSI
starting points n1 10 6 10
pre-sieving iterations dp 10 6 10
selected points na 5 3 3
post-sieving iterations do 600 60 120
early stop gain ¢ 108 10—3 10=3
TABLE II

SMM HYPERPARAMETER SPECIFICATIONS

initializations, on which we then perform d, (post-sieving)
iterations of EM. Furthermore, we stop iterating when the
likelihood gain is below a certain threshold ¢. For the synthetic,
HSI, and IMS datasets, the values of n1,d;,ns,ds,t is given
in Table

C. HSI dataset; impact of scaling on the recovered signals
The HSI dataset captures both spatial and spectral information
on the measured scene. Figure [ illustrates the HSI dataset
from [19]].

It should be noted that the type of data normalization that
is applied to a dataset prior to signal estimation and recov-
ery can substantially impact the final result. For example,
a feature-wise normalization will scale every feature in the
dataset separately, while an observation-specific normaliza-
tion affects an entire observation, but will often keep inter-
feature relationships within an observation intact. Although
data normalization and scaling are in essence separate from the
signal recovery step, it is clear that the signals recovered will
differ for different scalings applied. It is therefore important
to consider whether normalization should be applied prior to
signal recovery and if so, which type of normalization is most
appropriate. In many cases, this is a consideration specific to
the application domain at hand.

In the case studies described in the main paper, we employ
min-max scaling prior to conducting signal recovery. Min-max
scaling is a data normalization that operates in a feature-wise
manner, mapping all features to the range [0,1]. For every
feature f, the rescaled observation vy, is linked to the original
observation y; as follows:

' max; (y;[f]) — min; (y; [f])

To demonstrate the impact of a chosen data normalization on
signal recovery, we also explore another normalization, namely
observation-wide [;-norm-based scaling. The [;-norm-based
approach acts on every observation separately. It does not treat
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the feature values within an observation separately, but instead
rescales an entire observation y; as follows:

yl= J_
il

Thus, unlike min-max scaling, with [;-norm-based normaliza-
tion all feature values within an observation receive the same
scaling factor.

Figure shows the results of SMM and GMM fitting by
EM on the HSI dataset after applying the two normalizations
described above. This figure shows, below the RGB image,
two example spectra and their rescaled versions. The spectra
after min-max normalization are shown on the left in Fig. [I04]
and the same spectra after /;-norm-based scaling are shown
on the right in Fig. Since the [;-norm normalization
is observation-specific, the scaled spectra in Fig. exhibit
the same relative spectral profile, only scaled onto a different
absolute value range. The spectra in Fig. [I0a] show changes
in their relative spectral profile post-scaling due to min-max
normalization treating each feature separately. The two bottom
rows in Fig. |10] provide signal recovery results after applying
SMM and GMM fitting by EM. The red boxes show two signal
subpopulations recovered per normalization-mixture model
combination. Although it is difficult to assess without external
information, and as far as one can tell by visual inspection,
the signals estimated by SMM seem more accurate in both
normalization cases. Furthermore, the effect of normalization
on a signal recovery run is clearly visible in the bottom-right
GMM case with [;-norm-based scaling, where the estimated
signals contain negative values while the original data do not.
For completeness, in Figure [TT| we provide for the HSI dataset
the clustering results employing SMM, GMM, and AMC
for K € [4,6,8,10,12]. In practice, we could estimate the
number of clusters K using metrics such as the Silhouette
score, assessing cluster compactness and separation, as well
as the Akaike information criterion (AIC) or the Bayesian
information criterion (BIC). Alternatively, we could use a
cross-validation approach, splitting the dataset into training
and validation sets, then evaluating the likelihood on the
validation set for various values of K. For the case study in
the paper, we manually chose a value of K = 10, to highlight
the fact that there are real-world scenarios in which our SMM
approach is able to find separation that GMM and k-means
omit, as mentioned in Figure 8.

D. Rat brain IMS dataset and recovered signals

In Figure we provide a comparison between a noisy
observation y; and its underlying signal subpopulation x; as
estimated by EM-based SMM and GMM fitting. The black
trace shows y;, an example peak-picked mass spectrum (before
min-max normalization) measured at a particular location
(pixel 7) in the rat brain. The red trace shows x; gmwm, the signal
subpopulation estimated to be underlying observation y; by
fitting a GMM (with the min-max normalization undone). The
green trace shows x; smwm, the signal subpopulation or spike
estimated to be underlying observation y; by fitting a SMM
(with the min-max normalization undone). We see that GMM
fails to capture the inherent non-negative nature of the data and
produces a mix of positive and negative peaks in its recovered

signals. This is not the case for SMM, which despite non-
negativity not being imposed, recovers signals that are largely
non-negative and that are much closer to measured mass
spectra than the signals estimated by GMM. Additionally,
SMM seems to capture the low- and high-intensity patterns
of the mass spectrum more accurately, particularly when
considering the intensity ranges in which the recovered signals
are provided.

E. Rat brain IMS dataset pre-processing

The IMS dataset was exported from the Bruker timsToF
file format (.d) to a custom binary format. Each pixel, i.e.,
‘frame’, reports between 10 and 10° centroided peaks that
cover the entire acquisition range and that can be used to
reconstruct a pseudo-profile mass spectrum using Bruker’s
SDK (v2.21) [25]. The dataset was m/z-aligned by means of
internally identified peaks (six peaks that appear in at least
50% of the pixels), using the msalign library (v0.2.0) [26} 27].
This step corrects for spectral misalignment (drift along the
m/z-domain), resulting in increased correspondence and over-
lap between spectral features (peaks) across the experiment.
Subsequently, the mass axis of the dataset was calibrated,
using theoretical masses for the same six peaks, to approx-
imately £1 ppm precision. After alignment and calibration,
an average mass spectrum based on all pixels in the dataset
was computed. The average spectrum was peak-picked, 843
peaks were detected, and their corresponding ion intensities
were retrieved for further analysis. Isotopes were not removed
and, instead, were allowed to take part in the downstream
analysis. Subsequently, we computed normalization correction
factors using a total ion current (TIC) approach and intensity-
normalized the ion counts to yield the IMS dataset used in
this paper.

F. Convergence speed comparison of likelihood estimation
Although comparing the convergence speed of two different
EM algorithms is generally challenging, our goal here is to
assess how the proposed SMM approach performs relative to
the traditional GMM in terms of likelihood maximization. To
that end, we create a dataset of model with N = 1500,d =
5,K =3, and 02 = 1.5. We repeat 100 runs of the associated
EM-algorithm for both the SMM and the GMM and recall the
average likelihood every 10 iterations. The results are depicted
in Figure [I3] The shape of both likelihoods seems to suggest
that SMM converges relatively faster than GMM to a local
maximum. This could be explained by the number of modeled
parameters that is smaller for the SMM, leading to a smoother
likelihood function.

G. Convergence results of the EM algorithm for model (I))
We want to show that the likelihood value converges, and
that if the parameters A/ converge, then the limit will be a
stationary point of the likelihood. These results hold with
probability one if N >d > K + 1.

As mentioned in section [lI, improvements on the Q function
guarantee improvements of the log-likelihood and thus
of L(A). This ensures that the sequence {L(#!)}; is not
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Fig. 9. Salient HSI dataset. (top-left) A RGB reference image covering the scene measured by the Salient HSI dataset from [19]]. One can recognize the
Statue of Liberty, a building behind it, and foliage and a railing structure in the front. (right) Two of the 81 wavelength-specific images acquired, showing
the spatial distributions of hyperspectral bands 580 nm and 780 nm. (bottom-left) An example electromagnetic spectrum acquired at a single pixel, reporting

81 distinct wavelength features.

decreasing.

Looking at our L(6) function described in (2) and (3), we
see that o2 should be bounded from below to ensure L(f)
is bounded from above, which then implies convergence of
the sequence {L(0!1)}, [28] section 3.4.1]. Such a bound is
shown to hold with probability one in Lemma [A.T] below,
under the assumption that N > d > K + 1.

Next, we will use a general convergence result for EM
algorithms which says that, if the parameter vector ALl
converges, then it is to a stationary point of the likelihood
function L(#) = pe(y1,...,yn). assuming that L(6) is
bounded and the function Q is continuous [28] Chapter 3].
[28, Theorem 3.2] guarantees that if Q(6;6!*]) is continuous
in both @ and A", then all limit points of any instance
{6} of the EM algorithm are stationary points of L(#),
and {L(0!1)}; converges monotonically to some value
L* = L(0*) for some stationary point #*. For a non-zero o
(ensured by Lemma [AT), this continuity condition is fulfilled
with probability one since the function Q(6;0!*]) given in @)
is a combination of continuous functions.

Lemma A.l. For d > K + 1, at every iteration t, we have

T
o2l > A+ (YY)

N (46)

Furthermore, for observations coming from the model (IJ),

A 41(YYT)

F dN

>0 =1

whenever N > d.

Proof. For S C [K], the expression of the noise variance at
every step of the EM algorithm is

o2 = 02(5) — ||Y||% - Zkes Ak
dN—ZkES Vi ’

from

where Ay is the largest eigenvalue of Ay = Ef\il p%]yiyiT.

Similar to the proof of Lemma (A1), we find

K
IVNF =D A > Y1 = A S C [K]
kes k=1

(47)

Furthermore, since 0 < Zke sV < N, we have

0<dN - 7y <dN.
kes

(48)

Equation 7)) together with leads to

52> Sy Aa(Ag)
- dN ’
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Fig. 10. Comparison of estimated spectra recovered from the HSI dataset for two different prior data normalizations. (left) Figure [T0a] shows the scaled
observations y; and recovered signals x;, after applying min-max normalization. The first row below the RGB image shows two unnormalized example spectra
from the original dataset, and the row below depicts their rescaled version. The last two rows show the associated estimated spectra obtained by SMM and
GMM fitting. (right) Figuremshows the same analysis, albeit using /1-norm-based normalization instead. Notice the difference in recovered relative signal
profiles between the two normalization approaches, and the substantial presence of negative values in the signals recovered by GMM after !;-norm-based
scaling (despite the original data being non-negative). It is clear that data normalization prior to signal recovery is an important consideration to make before
performing a mixture model fitting.

From here, the first part of the lemma (i.e., eq. #6) follows of yi,...,yn is absolutely continuous with respect to the
with the following lower bound on Zle A2(Ay) depending Lebesgue measure, the matrix Y is therefore of rank d with
only on the matrix Y. Using Weyl’s inequality recursively, probability 1. For N > d, this ensures that Ax11(YY?) >0

almost surely. ]

K
A1 (YY) = Mg ZAk
k=1

K
< Aa(A1) + Ak ZAk
k=2
K
< Xo(A) + Aa(A2) + Ak1 | > Ax
k=3

<> Aa(Ag).
k=1

The second part of the lemma follows by showing that the
right-hand side of [#6] is almost surely strictly positive. This
is surely the case when YY7 has full rank. The set of
vectors y1,...,yn that lie in a lower-dimensional subspace
of R? has zero Lebesgue measure. Since the joint distribution
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Fig. 11. Comparison of the clustering results for the HSI dataset as obtained by SMM fitting by EM, GMM fitting by EM, and k-means clustering, for
different values of K € [4,6,8,10,12] and using min-max normalization.
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Fig. 12. Comparison of SMM and GMM estimated subpopulation spectra for the rat brain IMS dataset. (black trace) Original peak-picked mass spectrum
acquired at the tissue location indicated above. (green trace) SMM-estimated underlying signal for that same location. (red trace) GMM-estimated underlying
signal for that same location. Signals estimated by SMM seem closer to real mass spectra than GMM-estimated signals. For example, IMS data is inherently
non-negative. Without explicitly imposing non-negativity, SMM-recovered signals are largely non-negative and more similar to real mass spectra than the
GMM-recovered signals, which exhibit substantial amounts of negative values.
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